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ABSTRACT 
 

This paper aims to introduce topology optimization as a robust tool for damage detection in 

plane stress structures. Two objective functions based on natural frequencies and shape 

modes of the structure are defined to minimize discrepancy between dynamic specifications 

of the real damaged structure and the updating model. Damage area is assumed as a porous 

material where amount of porosity signifies the damage intensity. To achieve this, Solid 

Isotropic Material with Penalization (SIMP) model is employed. Sensitivity analysis is 

achieved and a mathematical based method is used for solving the optimization problems. In 

order to demonstrate efficiency and robustness of the method to identify various type of 

damages in terms of both location and intensity, several numerical examples are presented 

and the results are discussed. 
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1. INTRODUCTION 
 

Damage in a structure, depending on its location and intensity, affects both static and 

dynamic characteristics of the structure. However, dynamic responses are more sensitive and 

change during the early stages of a progressive damage, which is crucial to retrofit and 

extend the service life of the structure. Therefore, dynamic response based methods has 

received more attention in structural health monitoring community. These methods may be 

divided into two groups of input-output and output based methods. Since it is not an easy 

task to find input data, for instance, in structures under ambient vibrations, free vibration 

characteristics such as natural frequencies and shape modes are usually employed in damage 

identification process. In order to identify damages in structures, several methods have been 

introduced based on detecting changes in modal parameters such as natural frequency [1–4], 
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modal strain energy [5,6], mode shape derivatives [7–9], residual force vector [10,11] and 

wavelet transform of measured modal shapes [12,13].  

Damage might be considered as a reduction of stiffness and mass of a prat of a structure. 

The damage parameters can be identified by minimizing an error function defined as the 

difference between the computed and measured dynamic properties in the computer model 

and the real damaged structure, respectively [14–16]. However, modal data of the real 

structure cannot be derived directly and therefore, a modal identification process is involved. 

Any mathematical based or metaheuristic iterative optimization methods can be employed in 

order to update the model towards the real damaged structure [17–25]. An excellent review 

of history of the metaheuristic based methods is given in the books by Kaveh [26,27].  

Structural topology optimization is employed to specify the optimum material 

distribution in the structure. This approach has received enormous attention since the 

introduction of the homogenization approach to topology optimization by Bendsøe and 

Kikuchi in 1988 [28]. Several methods have been developed since then mainly within two 

types of element-based methods, such as the Solid Isotropic Material with Penalization 

(SIMP) [29–31], and using a level of an implicit function to represent the boundaries [32–

35].  

Structural damage diagnosis might be seen as a topology optimization problem by 

considering damages as void (zero stiffness) or porous material (reduced stiffness) regions in 

the layout of the structure. Using element-based topology optimization methods, Lee et al. 

utilized the Methods of Moving Asymptotes (MMA) to minimize discrepancy between some 

points of frequency response functions of the model and the real structure [36]. Nishizu et 

al. also exploited topology optimization to identify defects based on natural frequencies and 

by using MMA [37]. Recently, a level set based approach is proposed by Zhang et al. to find 

the location of damages again by considering natural frequencies [38]. 

This paper aims to utilize topology optimization for damage identification in plane 

structures. Two optimization problems are constructed based on natural frequencies and 

mode shapes under design variables restrictions. Since both location and intensity of damage 

areas are significant issues in structural health monitoring, the SIMP approach is chosen to 

provide the possibility of having porous material regions (gray areas) in the structure. It is 

noted that in level set based topology optimization methods the severity of the damage 

cannot be attained. A simple steepest descent algorithm is employed to solve the 

unconstraint optimization problem. Several examples considering different structures as well 

as various local damages in terms of both location and intensity are studied in order to 

demonstrate efficiency and robustness of the method. 

Optimization problems considered in this paper are defined in Section 2. Section 3 is 

devoted to parametrize the problems using SIMP approach. The sensitivity analyses and 

optimization algorithm are presented in Sections 4 and 5, respectively. Finally, numerical 

examples and concluding remarks are provided in Sections 5 and 6. 

 

 

2. OPTIMIZATION PROBLEMS FOR DAMAGE DETECTION  
 

Damage detection optimization problem can be defined based on updating a numerical 

model so that the difference between the model data and the measured data in real structure 
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is minimized. As it mentioned before, the modal data are sensitive to defects in the structure. 

In this paper, two different objective functions are considered based on modal data which 

are defined as follows.  

For the first objective function, natural frequencies discrepancy in numerical model and 

real damaged structure might be considered as follows 
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where ξ is the design variables vector, λi(ξ) and λi
* are the ith eigenvalues, derived from 

numerical model and measured in damaged structure, respectively. wλ are the weights for 

each natural frequency and nm is the number of modes which is taken into consideration. 

The weights are taken as unity in this research, although they can be different if required. 

The main disadvantage of using eigenvalue changes are that the damages in symmetric 

locations cannot be differentiated for a symmetric structure. In such cases mode shapes 

might be incorporated. 

If mode shapes are identified and given in np points, the objective function for all nm 

mode shapes takes the form 

 

 
2

1 1

*)()(  
 


nm

i

np

j

ijijiwf 
ξξ  (2) 

 

where φij and φij
* are the jth components of the ith normalized eigenvectors in the model and 

the real structure, respectively. It is noted that φij
* are constant during the optimization 

process. Also, wi
φ

 is the weight parameter related to the ith mode.  

 

 

3. DAMAGE DETECTION BY USING TOPOLOGY OPTIMIZATION 
 

In general, structural topology optimization seeks material distribution within a defined 

design domain for a given set of loads and boundary conditions so that the objective 

function is minimized. Different optimization problems have been introduced in this context. 

Among them, minimization of mean compliance with a certain amount of material and 

weight minimization considering stress constraints can be mentioned [30,31]. In this 

research, topology optimization is used as a tool to find damaged regions in the structure. To 

achieve this, damage is assumed as a stiffness reduction and, therefore, density of material is 

decreased in damaged areas. Topology optimization methods can be used to find the 

material distribution throughout the design domain. For this purpose, an SIMP model can be 

developed as follows. 

Considering damage as a porous material region, the structure can be described by a 

function ξ(x), defined at each point x as 
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where ξmin is assumed more than zero value to avoid singularity. It is noted that intermediate 

values of ξ(x) show gray areas and extent of damage in the structure.  

Therefore, density and elasticity matrix for each point x of the structure can be written as  
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(5) 

 

where ρ0 and C0 are the density and elasticity matrix of solid materials. Also, p is the penalty 

factor. The penalty factor is typically used to suppress the gray areas in standard topology 

optimization problems. Here, since gray areas show the intensity of damages, the material 

model should not be penalized. On the other hand, penalizing the model make the solution 

more sensitive to defects in the structure. Therefore, the continuation method [31] is used in 

this research. It means, the penalty parameter varies during the optimization process from 

p>1, for instance p=3, and ends up to one at the last iterations in order to find extent of the 

damage, appropriately.  

To be more practical, damage at each point x or function ξ(x) is assumed to be constant in 

each finite element, shown by ξe and called damage index of element e. The element 

stiffness matrix can be written as 
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where B is the strain-displacement matrix and Ωe is the finite element volume. Also, the 

element mass matrix may be written as 
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where N is the element shape functions matrix and Me
0 represents the mass matrix for fully 

solid material. It is important to note that artificial localized eigenmodes may be occurred in 

low density material areas, where the ratio between the stiffness and the mass is very small. 

To avoid the numerical singularity, Equation (10) might be rewritten as [39] 
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where the coefficients c1 and c2 are set to be 6x105 and -5x106, respectively. By using the 

modified SIMP model as stated above, the artificial modes are eliminated.  

The global stiffness and mass matrices can be expressed as 
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where Ke
0 and Me

0 are, respectively, stiffness and mass matrices corresponding to a finite 

element with fully solid material. ne is the number of finite elements in the model. 

Using stiffness and mass matrices in (9), natural frequencies of the structure ωi can be 

obtained by solving the dynamic equilibrium equation that governs free vibration of a 

typical mode φi as follows 
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where λi= ωi
2.  

 

 

4. SENSITIVITY ANALYSIS 
 

To obtain derivative of eigenvalues with respect to the design variable ξe, Equation (10) can 

be differentiated as  
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where the third term is zero based on Equation (10). Pre-multiplying both sides of Equation 

(19) by φi
T and using mass-orthogonal eigenvectors (φi

TMφi=1), eigenvalue derivative with 

respect to ξe is given by [40] 
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Therefore, derivative of the first objective function based on natural frequencies, defined 

in Section 2, with respect to design variables is obtained as follows 
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In order to find derivative of eigenvectors with respect to design variable ξe, again 

differentiating equation (10) gives  
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where Fi =K-λiM. Also, by differentiating both sides of the equation φi
TMφi=1, we obtain  

 

i

e

T

i

e

iT

i φ
M

φ
φ

Mφ
 







2  (15) 

 

Since Fi is a singular matrix, linearly independent equations of (15) might be added to 

equation (14) as [40]  
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Pre-multiplying Eq. (16) by [Fi / φi
TM]T we can obtain  
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Therefore, derivative of the second objective function based on eigenvectors, mentioned 

in Section 2, is obtained by the following formulation 
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5. OPTIMIZATION ALGORITHM 
 

The steepest descent method is used for solving the unconstraint damage detection 

optimization problem, proposed in this paper. Thus, the optimum search direction in 

iteration k, dk, is chosen to be 

 

)( kk f ξd   (20) 
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where )( kf ξ
 is the gradient of objective function, derived from sensitivity analysis. 

Also, the step size αk is calculated by using the golden search method [41,42]. Finally, 

design variables of the optimization problem are updated by ξk+1= ξk+αkdk.  

The steepest-descent algorithm for damage detection problem, used in this research, is 

stated as follows 

Step 1. It is assumed that there is no damage in the structure for the first step and 

therefore, starting design variables are set to be ξ0=1. Also, a convergence parameter ε>0 is 

considered, 

Step 2. The stiffness matrix, mass matrix, eigenvalues and normalized eigenvectors are 

calculated. Also, the objective function is evaluated, 

Step 3. Sensitivity analysis is achieved based on derived equations in Section 4 and 

search direction is set to be )( kk f ξd  , 

Step 4. If  )( kf ξ , the optimization iterative process is stopped, 

Step 5. The step size αk is calculated based on minimizing f(α)=f(ξk+αdk) in the direction 

dk, 

Step 6. The design variables are updated using ξk+1= ξk+αkdk. Then, the design variables 

restrictions 10  eξ  is imposed. Using new design variables, the iterative process continues 

from step 2 until it is stopped in step 4 or after a certain number of iterations. 

 

 

6. NUMERICAL EXAMPLES 
 

In this section, five numerical examples are presented to demonstrate the capability of the 

implemented optimization procedure. First example is devoted to natural frequency based 

optimization and the second objective function created by shape modes is considered for 

other examples. In all examples, modulus of elasticity and Poisson's ratio are considered to 

be 2 Pa and 0.3, respectively. The density and thickness are also assumed 0.00785 kg/cm3 

and 1cm, respectively. Also, it should be noted that initial design variables are chosen to be 

one which means no damage is considered for starting point of optimization process. Using 

the continuation method, in all examples, penalty factor p changes from 3 to 1 gradually 

during the optimization iterations. 

Example 1. A cantilever beam with a damage in the middle, shown in Fig. 1, is 

considered. To solve this problem, the beam structure is discretized into 30×30 linear finite 

elements. The damage is assumed in 24 elements with 100% intensity as it is indicated in 

Fig. 1. Damage is sought by updating the model to minimize the objective function defined 

in (1) considering the first five natural frequencies of the structure. The optimum 

configuration after 300 iterations and iteration history are shown in Figs. 2(a) and 2(b), 

respectively. The damage location is approximately identified and some fictitious defects are 

also appeared in other parts of the structure. 
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Figure 1. Problem definition in Example 1 

 

    
(a)            (b) 

Figure 2. (a) Optimum material distribution (b) Iteration history for Example 1 

 

Example 2. Another cantilever beam with different aspect ratio and more complex 

damage is considered as indicated in Fig. 3. Discrepancy between given and model mode 

shapes is minimized as defined in Equation (2). The beam is discretized into 45×30 linear 

finite elements. A diagonal damage including 10 finite elements with 15% intensity is 

considered at the corner.  

Obtained results after 25, 50, 75 and 100 iterations are depicted in Fig. 4. The result 

shows, exact damage location has been detected. Given material density in damage area is 

15% and the obtained average density is 12.01% in 100 iterations which makes around 20% 

error in terms of finding the damage intensity. Fig. 5 shows iterations history in which the 

objective function has closely converged to zero.  

100% 

 40 

cm  

 40 cm  
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Figure 3. Problem definition for Example 2 

 

 
(a)               (b) 

 
(c)               (d) 

Figure 4. Damaged area, detected in iteration (a) 25, (b) 50, (c) 75, (d) 100 

 

1.0 m 

1.5 m 

15% 
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Figure 5. Iteration history for Example 2 

 

Example 3. A simple supported beam with 10m length and 1m height is considered as 

shown in Fig. 6. The objective function is to minimize the difference between three given 

and the model eigenvectors. The beam is discretized into 100×10 linear finite elements. Two 

full damaged elements are assumed at the right bottom of the beam. The obtained results for 

50, 100, 150 and 200 optimization iterations are illustrated in Fig. 7. Iteration history is also 

depicted in Fig. 8. 

Location of damage is precisely evaluated from the first iterations and average damage 

intensity (material density) in both elements is obtained 95.5% after 200 iterations which is 

close to existing damage. Some false defects are also emerged with low material density 

around true damage and in the middle of the beam.  

 

 
Figure 6. Problem definition for Example 3. 

 
(a) 

  

 

10.0 m 

1.0 m 100% 
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(b) 

 
(c) 

 
(d) 

Figure 7. Identified Damages in iteration (a) 50 (b) 100 (c) 150 (d) 200 

 

 
Figure 8. Iteration history for Example 3 
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Example 4. In this example an L-shaped beam with a damage that comprises different 

intensities is considered as illustrated in Fig. 9. The beam is discretized into 1200 linear 

finite elements. The main goal of this example is to identify a damage with different 

intensity. Damage is assigned as if it is a crack at edge of the beam. The intensities are 20%, 

40% and 60% as it reaches to the middle of the crack.  

 

 
Figure 9. Geometry, boundary conditions and assumed damage in L-shaped beam  

 

Results for iterations 50, 100, 150 and 200 are shown in Fig. 10. As it is indicated, the 

optimization procedure has effectively detected the damage. There are some extra damages 

appeared in optimum layout that can be because of complexity in geometry of structure and 

different intensities in assigned damage. The average damage for each intensity is computed 

as 13.5%, 32.7% and 53.2% which are compared with original damages in Table 1. It should 

be noted that extents of damage are predicted less than exact values and also more error 

obtained for less damage intensity areas. The objective function is converged as illustrated in 

Fig. 11. 

 
Table 1: Damage intensity error for Example 4 

Given damage intensity 

(%) 
Obtained damage intensity 

(%) 

Error 

(%)  

20 13.5 32.5 

40 32.7 18.25 

50 53.2 6.4 

 

20 cm 

40 cm 

20% 

40% 

60% 
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(a)              (b) 

 
(c)             (d) 

Figure 10. Identified damage areas in iteration (a) 50, (b) 100, (c) 150, (d) 200 

 

 
Figure 11. Iteration history for Example 4 
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Example 5. In order to check efficiency of the proposed method, more complicated 

design domain is given in this example. To achieve this, a bridge shape frame is considered 

that consists a deck and two diagonal columns with fixed and pin supports as shown in Fig. 

12. The frame is discretized into 1024 linear finite elements. Damages are assigned in three 

different regions, first, at left column including two elements with intensity of 20%. Second 

damage is in the middle zone of the deck containing two elements with 30% damage and the 

third damage is located at left side of deck which has 15% intensity. First three mode shapes 

of the structure are considered for constructing the objective function.  

 

 
Figure 12. Problem definition for Example 5 

 

Fig. 13 demonstrates the results of damage detection procedure. It is observed that both 

location and severity of damages are appropriately detected. Also, extra damages are 

appeared in optimum layout. The average density of material in damages are obtained as 

13%. 16.5%, and 27.5% for 15%, 20%, and 30% damages, respectively. Fig.14 indicates 

that the objective function is minimized and oscillates during optimization iterations. 

However, the oscillations are decreased in the last iterations and the objective function is 

almost converged.  

 
Table 2: Damage intensity error for Example 5 

Given damage intensity (%) Obtained damage intensity (%) Error (%) 

15 13 13.34 

20 16.5 17.5 

30 27.5 8.33 

 

 
(a)              (b) 

 

1000 cm 

400 

cm 300 

cm 

200 cm 

56º 

15% 

20% 

30% 
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(c)             (d) 

Figure 13. Detected damages in iteration (a) 30, (b) 60, (c) 90, (d) 120 

 

 
Figure 14. Iteration history for Example 5 

 

 

7. CONCLUSION 
 

Topology optimization is utilized for damage identification in plane elasticity problems. 

Damage is simulated by a material density reduction in the structure. An SIMP based 

material model is defined to parametrize the optimization problem. Discrepancy of modal 

data between real structure and the model is minimized to find the material distribution in 

the design domain. Eigenvalues based objective function is employed in example 1 and the 

defect is approximately detected. Fictitious defect areas are also identified in other regions 

of the design domain. Four examples are also achieved considering eigenvectors as the 

objective function. According to the results, depends on complexity in geometry of the 

structure as well as location and extent of damages, different precision is obtained. Location 

of damages is often identified precisely, but some extra untrue defects are also identified 

during the optimization process. In addition, reasonable intensity can be found which is 

frequently less than true solution. More error is found for detecting damages with less 

intensity in the examples. 
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