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Abstract: This paper presents a new Variable Step-Size Normalized Subband Adaptive
Filter (VSS-NSAF) algorithm. The proposed algorithm uses the prior knowledge of the
system impulse response statistics and the optimal step-size vector is obtained by
minimizing the Mean-Square Deviation (MSD). In comparison with NSAF, the VSS-NSAF
algorithm has faster convergence speed and lower MSD. To reduce the computational
complexity of VSS-NSAF, the VSS Selective Partial Update NSAF (VSS-SPU-NSAF) is
proposed where the filter coefficients are partially updated in each subband at every
iteration. We demonstrated the good performance of the proposed algorithms in
convergence speed and steady-state MSD for a system identification set-up.
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1 Introduction

Adaptive filtering has been, and still is, an area of active
research that plays an active role in an ever increasing
number of applications, such as noise cancellation,
channel estimation, channel equalization and acoustic
echo cancellation [1-5]. The Least Mean Square (LMS)
and its normalized version (NLMS) are the workhorses
of adaptive filtering. In the presence of colored input
signals, the LMS and NLMS algorithms have extremely
slow convergence rates. Adaptive filtering in subbands
has been proposed to improve the convergence behavior
of the LMS algorithm [6]. The normalized subband
adaptive filter (NSAF) was proposed in [7]. In [8], the
selective partial update NSAF (SPU-NSAF) was
proposed to reduce the computational complexity. In
this algorithm, the filter coefficients are partially
updated in each subband at every iteration. This feature
leads to the reduction in computational complexity.
Other selective partial update adaptive filter algorithms
can be found in [9, 10].

In above mentioned algorithms, the selected fixed
step-size can change the convergence rate and the
steady-state Mean Square Error (MSE). It is well known
that the steady-state MSE decreases when the step-size
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decreases, while the convergence speed increases when
the step-size increases. By optimally selecting the step-
size during the adaptation, we can obtain both fast
convergence rate and low steady-state MSE. In [11], a
new variable-step-size control was proposed for the
Normalized Least-Mean-Square (NLMS) algorithm. A
step-size vector with different values for each filter
coefficients was used in [11]. In this approach, based on
the prior knowledge of the system impulse response
statistics, the optimal step-size vector is obtained by
minimizing MSD. In [12], the approach of [11] was
extended to NSAF. But the computational complexity of
the presented algorithm was high.

In this paper, we extend the approach in [11] to
SPU-NSAF algorithm and VSS version of this
algorithm is proposed. In the proposed algorithm, the
step-size changes during the adaptation and the
coefficient are partially updated at every iteration. We
demonstrate the good performance of the presented
algorithms through several simulation results in a
system identification scenario. Also, the computational
complexity of all algorithms is compared and analyzed.
Furthermore, the performance of the proposed VSS-
NSAF is compared with other VSS-NSAF algorithms in
(8, 13].

We have organized our paper as follows. In Section
2, we briefly review NSAF, and SPU-NSAF algorithms.
In Section 3, the proposed VSS adaptive algorithms are
established. Section 4 presents the computational
complexity of the algorithms. Finally, before concluding
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the paper, we demonstrate the usefulness of these
algorithms by presenting several experimental results.
Throughout the paper, the following notations are
adopted:

|| Norm of a scalar.

2 .

”” Squared Euclidean norm of a vector.

” t||2 > -Weighted Euclidean norm of a column
X vector 7 defined as #7 Dt

E {} Expectation operator.

(.)T Transpose of a vector or a matrix.

diag(.) Has the same meaning as the MATLAB
operator with the same name: If its argument
is a vector, a diagonal matrix with the
diagonal elements given by the vector
argument results. If the argument is a matrix,
its diagonal is extracted into a resulting
vector.

2 Background on Nsaf and Spu-Nsaf Algorithms

Adaptive filtering in subbands has been proposed to
improve the convergence behavior of the LMS
algorithm [6, 14]. In subband adaptive filtering, the
input signal and desired response are band-partitioned
into almost mutually exclusive subband signals. This
feature of the SAF permits the manipulation of each
subband signal, in such a way that their properties can
be exploited [2], allowing each subband to converge
almost separately for various modes [6], and thus
improving the overall convergence behavior. In this
section we briefly review NSAF and SPU-NSAF
algorithms.

2.1 NSAF Algorithm
Fig. 1 shows the structure of NSAF [7]. In this
figure, f,, fi, ..., fx.1, are analysis filter unit impulse
responses of an N channel orthogonal perfect
reconstruction critically sampled filter bank system.
x;j(n) and d;(n)are nondecimated subband signals. It

is important to note that n refers to the index of the
original sequences and k denotes the index of the
decimated sequences. Similar to the NLMS algorithm,
NSAF can be established by the solution of the
following optimization problem

, (1)
min|[w(k+1)-w(k)|

subject to the set of N constraints imposed on the
decimated filter output

d. (k) =xL (owk +1) for i=0,.,N-1 @
i,D i

where:

X (k) = [x; (kN x; (AN =1),...,x; (kN —M +1)] 3

By solving this optimization problem based on the
method of Lagrange multipliers, the filter update

equation for NSAF can be stated as [7].

N-1x; (ke p (k)
Wk + D) =W(k)+p 3 o @)
i=0 ”Xi (k)”

T . .
where e D(k):di, pE)—w" ()X (k) 1 the decimated

subband error signal, and u is the step size which is
chosen in the range 0<u<2 [7]. We also assumed a
linear data model for the desired signal as:

d; k) = x! (yw + v p®) )

where W’ is the true unknown filter vector, and Vi,p )
is partitioned and decimated additive noise with zero

mean and variance, ;2 . We also assume that v(n) is
Vi,D

identically and independently distributed (i.i.d.) and

statistically independent of the input data X (7).

2.2 SPU-NSAF Algorithm
To reduce the computational complexity of NSAF,
SPU-NSAF algorithm was proposed in [8]. Partition

X (k) for 0<i<N-land W(k) into B blocks each of

length L which are defined as
x4 D=3 00Xy (DT ] (©)

w(k):[w{(k),wg(k),...,wg(k)]r 7)

Suppose we want to update S blocks out of B blocks
in each subband at every adaptation. Let
Fz{jl,jz,...,js}denote the indexes of the S blocks

out of B blocks. In this case, the optimization problem is
defined as

Fig. 1 Structure of NSAF algorithm
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me(ll? w7 (ke+1)— WF(k)” ®)

Subject to Eq. (2). By using the Lagrange multipliers
approach, the filter vector update equation is given by
N-IX; p(k)e: n(k)
i,F i,D

=0 ol

T
where Xi,F(k):[ it (k)x 2(k), - ljs(k)} . To

reduce the computational complex1ty associated with
the selection of the blocks to update, two alternative
simplified criteria were proposed: 1) In the first
approach, we compute the following Values

N-1 2
.ZOHXZ-,b(k)” for 1<b<B (10)
1=

The indexes of the set F' correspond to the indexes of
the S largest values of Eq. (10). 2) In the second
approach, we identify a set of indexes, correspond to the
S smallest values of Eq. (11) [8].

2
N1 |eiD(k)|
j=arg min > ——— (11)

1<b<B | i=0 [ix; )|

3 Derivation of Vss-Nsaf and Vss-Spu-Nsaf
Algorithms

In this section, we establish the family of VSS-
NSAF algorithms based on [11]. This method
minimizes MSD and obtains the step-size vector based
on the system impulse response statistics.

3.1 VSS-NSAF Algorithm
The update equation for VSS-NSAF is introduced
as:

ww+n—wwwuw)2—493993 (12)

=0 ||x; (k)||
where U(k) = diag| () (k).....stpq —1 (k)] is the variable

step-size matrix. During the adaptation, this matrix
changes to obtain faster convergence speed and lower
steady-state MSD. Therefore, the objective of this paper
is to design the step-size matrix U(k) to improve the

performance of the NSAF algorithm. By defining the
weight error vector as:

w(k)=w’ —w(k) (13)
and using the definition of e; p (k), the decimated

error signal can be rewritten as:

e, pk)= W (k) + v ) (14)

Now by substituting Egs. (13, 14) into Eq. (12), we
obtain:

N=Ix; (k)vi, p (k)

Wk +1)=AMk)Wk)-Uk) X ————— (15)
i=0 ||x,(k)||
where:
=Ix.(bH)x; (k
Ak) =1,  —U(k) Z M (16)
=0 Jx; 0]

and ly is the M xM identity matrix. To quantitatively
evaluate the mis-adjustment of the filter coefficients, the
MSD is taken as a figure of merit, which is defined as:

A = Bl (17)
Note that at each iteration, the MSD depends on
M (k) . Combining Egs. (15) and (17), we obtain:
Ak +1) = E[\TvT (AT (k)A(k)W(k)]+ v (18)
where:
2 0'2
Tr[U (k)]N_l vi.D
R T (19)
M

Xi

i=0 o

Similar to [13], we assume again that x;(kN)and
vi,p (k) are zero-mean i.i.d. stationary with variance

o2 and 52 , respectively; W(k), x;j(kN), and

X; Vi.D

v D (k) are mutually independent and

X (X (k) ~ Mo for M >>1. Therefore, —we
1

Obtain:

2
E[AT (k)A(k)HHMUZ&]}IM —%U(k) (20)
M

Combining Egs. (18) and (20), we get:

2
Atk +1) = {1+—[—]N d r;2 ) }EmvTI(k)”z]— @b

2N . _
WN E[WT (k)U(k)w(k)]+ v

The optimal step size is obtained by minimizing the
MSD at each iteration. Taking the first-order partial
derivative of A(k+1) with respect to

pj (k) (j=0,...,M 1), we will have
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OA(k+1) 2 |2Nuj (k)
L = E|w®)|* [—%— - 22
Ouj (k) mw( L ] Mm? 22
2
N-lo
[w,(k)] ST T .0
o
X
Setting Eq. (22) to zero, we obtain:
NMEiw j (k) |
u j(k)= (23)

2
N-1o%y;
~ 2 Vi,D
NEh|w(k)|| ]+ > 5
i=0
Xj
To update E [W? (k)], we use the following equation

obtained by taking the mean square of the £-th entry in
Eq. (15).

E[wz(k+1)] h——uj(k)JE[W (k)] (24)
2
N,u k mw(k)”] /4]( )zlvE Olcr:zD

X
From Eq. (5), and using the definition of e; D(k) ,

we obtain:
£e? )] o2 £+ o2 (25)
D xj Vi.D
Substitution Eq. (25) into Eq. (24) leads to:
_ 2 2 (26)
[w (k+1)] ll ,uj (k)JE[wj (k)]+
15 2 (k) NilE[el% D(k)]

2 2

Xi

M i=0 o

It is straightforward to estimate FE [el.z D (k)] by a

moving average of eiz pk):

62 » (k)=/1662i’D (k—1)+(l—/1)el.2’ NG @7
Similar for x; (kN) :
&i_ (k):A&i_ (k=1)+(1-2)x2 (kN) 28)

where 0<A<l is the forgetting factor. The initial
E lszjz (O)J is obtained by the second-order statistics of

2
the channel response, i.e. E|:w0j:|, from Eq. (13).

Finally, the entire adaptive algorithm is described by
Egs. (12, 23, 26-28). Table 1 summarizes VSS-NSAF
algorithm.

3.2 VSS-SPU-NSAF Algorithm
The filter coefficients update for VSS-SPU-NSAF is
introduced:

N=1x; e (k)e;. p (k
W (kD) =W () +U (k) ZM 29)

S ool
where U, (k) = diag|u jy (K)....ptj (k)] Using the
approximation for e n (k) as
¢ p (k) ~ XZF (k)WF (k) + Vi (k) and substituting it
into (29), we obtain:

WF(k+l)=WF(k)+ (30)
N-1x] T ! p W (+;, p®)

0 T
=" i,

Rewrite Eq. (30) as a weight error vector:
~Ix; p (k)vi,p (k)

F(k+1) Q(k)W -U k) Z (31)
=0 i, 0]
where:
N-IX; F(k)xz F
Qb =lg U k) ¥ Pt (32)

=0 e pesff
and | SI is the SLxSL identity matrix. To obtain MSD
we can write:
S (EPPINTIN Ry 2 ~ 2 33
A(k) = E|[W(k)|” |= E|[WF (&) ° |+ E[[W e (||| (33)
~ 2
where E [”WF' (k)” :| are weights that are not selected

to update. Therefore:

| e |- o | 04
CombininT Eq. (31) and Eq. (33) leads to:

~T T ~
Ak+1)=E wF(k)Q R)Qk)w (k) |+ (35)

Tr[U% (k)] Nilafi’ D

(SL)?  i=0 o2
Xi

 Ew o]

Similar to [15], we assume again that x; (kN) and
vj, p(k) are zero-mean i.i.d. stationary with variance
o2 and 42

X; Vl

, T)espectively; W(k), X, (kN), and ,
vi D (k) are

mutually independent and

T )
X; p(0X, (k)= SLo.

1

for SL>>1. Therefore,

we obtain:
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E[QT (k)Q(k)]:{HNTr[Ufz”(k)]} 2Nuw 66

(SL)z SL 5L F

By combining ET (35) and Eq. (36), we get:

Ak +1) = 1+7F(k) ﬁIN (k)”]
(S1)?
aN o7 W
a0 E[W' (kU F(k)WF(k)]+ (37)
TrlU% (k) |N- 6
A TICI LSS
(SL)? =0 o2
1

Taking the first-order partial derivative of A(K+1)
with respect to M (k)(j:O,...,SL—l), and setting it to

zero for j e F, we obtain:

k
OA(K+1) _ mN o ] uj( )
Onj (k) (L)
o2
o [ Ny B9
o B (k)] e " =0
l
Therefore:
N(SL)E[VV?(k)]
ﬂj(k)= 3
N-1%.
NEﬁ|wF<k)||2]+ 3 P (39)
i=0 O-xi

To update E vT/? (k)], the following equation is

obtained by taking the mean square of the jth entry in
Eq. (31).

[w (k+1)] - —yj (k)JE[w (k)]

2 2
1 (k) N—lavi’D (40)
2 .7 2
(S1)? i=0 o2

#]()

s el |-
(SL)

Using the following assumption as:

i

E [el-z,p w)- oy E [ o2+ % b (1)

and substituting it into Eq. (40), the following relation is
obtained:

E[wz(k+1)] ll—,uj(k)JE[Vv?(k)L

ﬂj (k) N—lE[el.%D (k)] (42)
(SL)? i=0 o2
Xi

where E [el.z D (k)] and a)zc _ are estimated according to
) i

Egs. (27) and (28). Table 2 summarizes the VSS-SPU-
NSAF algorithm.

4 Computational Complexity

Table 3 shows the number of multiplications,
divisions, and comparisons of different adaptive
algorithms. The computational complexity of NSAF for
each input sampling period is exactly 3M +3NK +1
multiplications and 1 division, where K is the length of
the channel filters of the analysis filter bank, M is the
number of filter coefficients, and N is the number of
subbands. SPU-NSAF  needs  2M+SL+3NK+1
multiplications, 1 division, and O(B)+Blog2(S)
comparisons when using the heapsort algorithm [16].
The proposed VSS-NSAF needs 5M+8 multiplications
and 3 divisions more than conventional NSAF. Using
SPU approach in VSS-NSAF leads to the reduction in
number of multiplications. The number of
multiplications is 7M + SL + 3NK + 8 in this algorithm.
The VSS-SPU-NSAF algorithm needs also 4 divisions
and O(B) + Blog2(S) comparisons. We have also
presented the computational complexity of set
membership NSAF (SM-NSAF) [8] and VSS-NSAF
[13] in Table 3. The SM-NSAF needs 3M+3NK+1
multiplications, 2 divisions and N comparisons during
each iteration which is lower than proposed VSS-NSAF.
We will show in simulation results section that the
steady-state error of this algorithm is higher than
proposed algorithm. The VSS-NSAF in [13] needs 3M
+ 3NK + 1 multiplications, 3 divisions, 3M+5 additional
multiplications and N comparisons. In this algorithm,
each subband has the variable step-size. Therefore we
have N variable step-size. In the proposed VSS-NSAF
algorithm, the number of variable step-size is equal to
M. Therefore, the computational complexity is slightly
increased. But the proposed VSS-SPU-NSAF reduces
the number of multiplications during the adaptation due
to the partial update. Furthermore, the convergence
speed of the presented VSS-NSAF algorithms is better
than SM-NSAF [8] and VSS-NSAF [13].

5 Simulation Results

We demonstrate the performance of the proposed
algorithms by several computer simulations in a system
identification scenario. In the first simulation, we use
the real acoustic impulse response with length M = 256
as shown in Fig. 2 [17]. The same length is used for the
adaptive filter. The colored Gaussian signal is used for
the input signal. The input signal is obtained by filtering
a white, zero-mean and unit variance Gaussian random
sequence through a second order auto regressive
(AR(2)) system with transfer function

T(z)= 11 . The filter bank used in NSAF
-0.8z"

1-0.1z~ -
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Table 1 Summary of VSS-NSAF algorithm

Jor k=0,12,...
& ptk=d; WX, (k)

55‘ (k)=/16§i’D (k—1)+(1—/1)e§ (k)

,D

6% (k)=26% (k=1)+(1=A)x2(kN)
X; X; 4

E[ﬁ%(kﬂ)Hl%uj(k)}E[ﬂ%(k)}

”JZ' (k) Nz‘ 1 &gi,D ©

M?* i azx
1

]

NE[||V~V(k)||2:|+NZ_1 02 v
i=0 o

1
N-1%;(0)e; (k)

k)=

Table 2 Summary of VSS-SPU-NSAF algorithm
for k=0,12,...
& ptk=d; WX, (k)

55‘ (k)z,wgi’D (k—1)+(1—,1)ef (k)

L

) . 2
G;zcl. (k):/Io)ZCi (k=) +(1-A)x (k)

E[ﬁﬁ(k+1>H1—ZS]Lvuj<k)}E[ﬂf(k)}

”12' (k)Nz‘ 1 6§i,D ©

SL? =0 o
N(SL)E[W ; (k)]

o2
~ 2 N—l le

(%) } X —
ol 5

1

N-IX: (K)e: p(k
W (k+HD)=W () +U (k) X M

H j (k)=

W(k+D)=w(k)+Uk) > . 2
. 2 i=0 .
o o] i)
end end
Table 3 Computational complexity of the family of VSS-NSAF algorithms
Algorithm Multiplications Divisions Ml?lg(}ioiltiic(:?éns Comparisons
NSAF [7] 3IM+3NK+1 1 - -
SPU-NSAF [8] 2M +SL+3NK +1 1 - O(B)+B 1og(2S)
SM-NSAF[8] 3M+3NK+1 2 - N
VSS-NSAF[13] 3IM+3NK+1 3 3IM+5 N
Proposed VSS-NSAF 3M+3NK 4 SM+8 -
Proposed VSS-SPU-NSAF 2M +SL+3NK 4 S5M+8 O(B)+B log(zs)

was the four subband extended lapped transform (ELT)
(N = 4) [18]. The white zero-mean Gaussian noise was
added to the filter output such that the SNR = 30dB.
In all simulations, we show the normalized MSD,
2
E‘ w? —w(k)H
2

which is evaluated by ensemble

g

averaging over 20 independent trials. Also, we assume

that the noise variance, 52 , is known a priori [19]. For
v

all simulations we consider A =0.999 . Fig. 3 compares
the convergence rate of the NSAF algorithm with the

proposed VSS-NSAF when the real unknown impulse
response should be identified. In NSAF, different step
sizes (1, 0.2 and 0.05) were chosen. As we can see, the
proposed VSS-NSAF has both fast convergence rate
and low steady-state MSD features compared with
ordinary NSAF. Fig. 4 shows the normalized MSD
curves for the proposed VSS-NSAF for

WO:e_jTr(j), j=0,...M—-1 where r(j) is a white

Gaussian random sequence with zero-mean and

variance o-r2 0f 0.09. In this case, the impulse response
length is M = 200, and the envelope decay rate 7 is set
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to 0.04. The simulation results show that for low and
large values for the step-size, the performance of NSAF
is deviated.

But the VSS-NSAF has both fast convergence speed
and low steady-state MSD due to the strategy of
variable step-size. In Fig. 5, we presented the results for
random unknown impulse response. The parameter M is
set to 50. The simulation results show that in the case of
random unknown system the performance of VSS-
NSAF is deviated, but still, the overall performance is
better than ordinary NSAF algorithm. Fig. 6 compares
the MSD curves of VSS-NSAF, and VSS-SPU-NSAF
algorithms when the real unknown impulse response
should be identified. The number of blocks (B) was set
to 4 and various values for S were selected. By
increasing the parameter S, the performance of VSS-
SPU-NSAF will be closed to the VSS-NSAF algorithm.
Furthermore, the computational complexity of VSS-
SPU-NSAF is lower than VSS-NSAF due to partial
updates of filter coefficients.

0.8 . . . . .
0.6} .
04} -
02} -
0 i
-02} i
-04} -

5 50 100 150 200 250 300

Samples

Fig. 2 The impulse response of the car echo path

10 T T T T T

(a) NéAF, I = 1
(b) NSAF, ;i = 0.2
(e

(

—— (c) NSAF, u = 0.05 []
— (d) VSS-NSAF
_10 -
(c)
@ -2 .
A (b)
2 -30f I .

I

—
=)
Ry

(d)
0 05 i 15 2 25 3 35 4
Iteration Number < 10"
Fig. 3 The MSD curves of VSS-NSAF and conventional
NSAF for real unknown impulse response

20 T T T
m—— (a) NSAF, p =1

— (b) NSAF, u =02

0 ——(c) NSAF, p = 0.05
0 ) — (d) VSS NSAF
S @ o)
= 20 L |
|
=
b ————
4o —~—
_50 |-
(d)
60 . . ‘
05 1 15 2
Iteration Number < 10°

Fig. 4 The MSD curves of VSS-NSAF and conventional
NSAF for exponential unknown impulse response

a) NSAF,u=1
b) NSAF, u =02

(
(
(c) NSAF, 1 = 0.05
(d) VSS-NSAF

MSD (dB)

|

L L
5000 10000 15000
Iteration Number

Fig. 5 The MSD curves of VSS-NSAF and conventional
NSAF for random unknown impulse response

10 T T T

(a) VSS-NSAF
——— (b) VSS-SPU-NSAF (B=4, 5=3)
0 — () VSS-SPU-NSAF (B=4, 5=2) ||

05 1 15 2 25 3 35 4
Iteration Number x10°

Fig. 6 The MSD curves of VSS-SPU-NSAF with B=4 and
$=2, 3, and 4 for real unknown impulse response
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—(a) SM_NSAF [3]
—(b) VSS-NSAF [13] ||
——(c) Proposed VSS-NSAF

70 1 1 1 1 1 1 1
a 1 2 3 4 5 & 7 8

Iteration Number
Fig. 7 The MSD curves of SM-NSAF [8], VSS-NSAF [13],
and proposed VSS-NSAF for real unknown impulse response

Fig. 7 compares the performance of the proposed
algorithm with other VSS-NSAF algorithms in [8], and
[13]. In [8], the convergence speed is high during the
initial iterations. But the steady-state error is large. In
this algorithm, the variable step-size is the same for all
the coefficients. The performance of VSS-NSAF in [13]
is better than SM-NSAF due to the variable step-size for
each subband. As we can see, the proposed VSS-NSAF
has better performance than other algorithms in both of
convergence speed and steady-state error.

6 Conclusion

In this paper we presented the new variable step-size
NSAF algorithm. This algorithm had fast convergence
speed and low steady-state MSD compared with
ordinary NSAF algorithm. To reduce the computational
complexity of VSS-NSAF, the VSS-SPU-NSAF was
proposed. We demonstrated the good performance of
the presented VSS adaptive algorithms in system
identification scenario by several simulation results.
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