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Abstract: Stray magnetic field is one of the main issues in design of transformers, since it
causes non-ideal behavior of transformers. One of the techniques is usually adopted to
mitigate the unwanted stray magnetic field is the use of auxiliary windings creating a
magnetic field opposite to the incident one giving rise to the reduction of the total magnetic
fields. This paper presents a new mathematical proof for optimized parameters such as
connection resistance and leakage inductance of the auxiliary windings based on state
equations. Some numerical examples for various types of practical transformers are given
to demonstrate the validity of the presented mathematical proof and a comparison is made
with the results of transformers behavior which is obtained with the help of finite element
method. The proposed method is successfully implemented on three different types of
transformers: current injection transformer, pulse transformer and superconductor
transformers.

Keywords: Characteristics equation, current injection transformer, eigenvalues; finite
element method; pulse transformer, superconductor transformer, state equation; stray fields.

1 Introduction
Stray fields provide unsuitable electrical characteristics
such as rise time in pulse transformers, AC loss in high
temperature superconductive (HTS) transformers, and
mechanical force in a 25kA current injection
transformer (CIT) [1-5]. According to the influence of
stray fields upon these characteristics, so as to achieve
better transformer performances a technique adopted to
decrease the stray fields, based on the authors’ prior arts
[4-5]. Two subtractive connected winding can be added
to the windings structure of transformers. If these
windings are fitted with the same number of turns, the
electromotive force generated in the auxiliary windings
is due only to the primary and secondary stray field. The
current across them produces a magnetic field reducing
only the stray fields. As such, considering the effect of
the auxiliary windings on the transformer operation, so
as to achieve higher performance on the system,
different values of auxiliary windings parameters are
surveyed.

As a principle object of this paper, a new
mathematical proof for the parameters optimization is
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presented by obtaining the related dominant poles of the
auxiliary windings to be as close to the origin using
state equations [7, 8]. Roots of characteristic equation
(eigenvalues) for some practical transformers are taken
into account for numerical comparisons with finite
element method (FEM) results of transformers behavior
[9-11].

In the following section, we introduce the
differential equations for operating principle of a
transformer fitted with two auxiliary windings. In
Section 4, new mathematical proof for parameter
optimization using state equations is presented. In
Section 3, FEM is proposed for results of practical
transformers behavior. In section 5, numerical examples
are conducted on a real data of three types of
transformers and computational comparisons are made
with FEM results and recently proposed proof.

2 Preliminary Mathematical Equations for the
Physical Concept

In the course of stray field reduction, one solution is
to design a new source producing fields opposing the
disturbing ones. The new source is designed by two
auxiliary windings being wound on the transformer core
[6]. In this section, analysis of suggested configuration
is presented using theory of electromagnetic coupled
circuits.
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Consider Fig. 1 as a schematic representation of a
mathematical transformer with four windings, where all
the windings have positive currents entering their
positive terminals, producing magnetic field with the
same direction [6, 12].

The instantaneous winding terminal voltages are [6]:

diy di, dig dig

Vl:Rlil+Nl%+lllE+llZW+ll3H+ 14 1
V2 =Rpip +N; +|21%+ 22%+ 23%”24% )
V3=R3i3+N3%+|31%+|32%+ 33%”34% ©))
V4=R4i4+N4((ij+|41%+ 42%+ 43%+ 44% 4)

where, Ni,N,, N3 and N4 correspond to the number of
winding turns,R;, R,, Ry, and R, are the effective

resistance of the corresponding windings. 1;; and I

i
are self-inductance and the mutual inductance
coefficients j,k €{1,2,3,4} and ¢ is the resultant field

in the core.

According to Egs. (1)-(4) the instantaneous terminal
voltage of each winding is the sum of the winding
resistance voltage drop, the induced emf due to the time
varying resultant field, and induced electromotive forces
associated with the self and mutual stray fields.

Let us consider the transformer supplying power to a
load and the auxiliary windings connected as in Fig. 2.
In relation to Fig. 1, now i, =—i, where i, is the load

current. The third and fourth windings are connected in
subtractive mode. This circuit exemplifies the normal
operating condition of the transformer. Considering that,
i, =—iy =1, inFig. 2, applying to Eqg. (1) through Eq.
(4) and taking into consideration that N, =N, =N
yields, respectively,

vy = Ry + Nl%un%fllz%um 1) d'da:x ®)

d di di di
\Z) :Rzio+N2d_f+|21i7|22i+(|247|23) Taux (6)

aux !

dt dt dt
. dg¢ diy di
V3 = —Ralgu + Nayx E"‘ I31E_ I32 d_:‘.)+
) ©
(I _I ) Iaux
34 33 dt
. dg . di,  di
Vg = Rylauy + Nayy EﬂL |41¥‘ 42 d_:+
di ®
(lgg —1g3) —=

Given that the third and fourth windings are

connected as in Fig. 2, then v; =v, — Ri, , which yields:

di di ) di
(I3~ I41)d7t1+ (g2 - I32)CT? = (Raux — Ra)laux + laux g:x -
di 9)
Maux gux
t

where R is the connection resistance and

a

Raux =Rs + R4 (effective resistance of auxiliary
windings), I, =ls3+14s (stray inductance of auxiliary
windings) and M, =1y, +143 (Mutual inductance of
auxiliary windings).

The current passing through the auxiliary windings
is governed by Eq. (9). It is interesting to note that i,

is independent of the time derivative of the resultant
field, ¢. As N5 =N, then iy, is a consequence of the

coupling stray field sharing between N, and N, stray
field encompassing N, and n,. Moreover, iy, results

from the difference between the stray mutual inductance
coefficients of N, and N, with respectto N, and N,

multiply by the time derivative of the primary and
secondary currents. On the other hand, iy, produces a

field opposing the primary and secondary stray field.
Referring to Eq. (9), the best way to optimize the
operation of the auxiliary windings is to assemble the
transformer in such a way that one auxiliary winding is
preferentially coupled with the primary and the other is
preferentially coupled with the secondary. For example,
due to the geometric position of the four windings in the
transformer, if we consider that the primary stray field
linked preferentially with the third winding and the
secondary stray field linked preferentially with the
fourth winding, then I3, 0 1;; and 14,0 I5,. These are

mathematical analyses which are in quite agreement
with the arrangement shown in Fig. 3.

3. Magnetic Field Equations Based on FEM for
Practical Results of Transformer Behavior

The practical results are based on the edge element
method and mainly magnetic vector potential method.
The former method constitutes the theoretical
foundation of low frequency electromagnetic field
(EMF) element.

The vector potential method is applicable for both 2-
D and 3-D EMFs [9, 15-17]. Considering static and
dynamic fields and neglecting displacement currents
(quasi-stationary limit), the following subset of
Maxwell’s equations apply [18]:

oB
(Vx{H}={J}, Vx{E}= _{E}’ v{B}=0.) (10)
The basic equation to be solved is in the form of:
[CHu}+ [KIHu}={3:}. (11)
The terms of this equation are defined below; the edge

field formulation matrices are obtained from these terms
follow with boundary conditions [19, 20].
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Fig. 1. Schematic representation of the mathematical model of
a transformer with four windings

Taux
——

Load

Fig. 2 Schematic representation of the transformer with loaded
secondary, Ny, and the two auxiliary windings connected in
subtractive mode, N3and N,

Axualary Winding (Ny)
Transformer Core Scondary Winding (V)
Primary Winding (V)
Axualary Winding (Ny)
Fig. 3 Simplified layout of new design configuration with the
auxiliary windings

4. New Mathematical Proof for Parameter
Optimization Using State Equations

With the well known methodology of solving a
boundary value problem the determination of the stray
magnetic fields in transformers is possible. Taking into
account all the Egs. (5), (6) and (9), the obtained results
show the stray fields are reduced. This is achieved by
converting the physical model into differential equations

in the form of state equations (X = AX +BU,Y =CX)
[13].
Firstly, considering the currents i, and i,are the

known values, Eq. (9) can be written in the form of first
order linear differential equation:

diaux Raux -R a
+ i = f(t
dt I-aux - Maux . ( ) (12)
where,

(0= a1 ~la) G+ lp 1) 5 (13)

Homogeneous Response of Eq. (12) is defined as:
R, —Ra
i, =kexp[(-—2%——)t
pI( Laux_Maux)] (14)
where, k is a constant value. The exponential response
introduces the time constant criterion in electrical
engineering application that illustrates the transient state
of system characteristics:
‘L r= ‘L (Laux — Maux)
T (Raux - Ra)

It is well known that by reducing the time constant
(7 ) faster steady state condition of the system can be
achieved. To comply with the above statement,
according to Eq. (15) the lowest z is obtained by the
reduction of R, and L,,. Although the increase of

(15)

R..x IS suitable for better behavior of the system, but the

practical consideration such as AC losses makes it
unsuitable.

Secondly, roots of characteristic equation of the
system are obtained through Laplace transformation

using sl —A/=0 [8]. It is well known that, the rise
time analysis of the system depends on the vicinity of
negative pole positions to the origin, that is the more
vicinity to the origin the faster stability of equation
variables (i.e. voltage and current) are achieved [7, 8].
In this case higher reduction of the stray fields in the
system occurs. For converting the Egs. (5) through (8)
in the form of the state equation [13, 14], substitution of
magnetic field should be done:

. N, .. N, .. N, ..
o=L, [(Nilm PR DI )

_NE
R
where, R, is the reluctance of the magnetic core path
and L, is the magnetizing inductance of the primary
winding.
Now, we select the state variables as:
Xp =h,

le (17)

X2 = iO’

. (18)
X2 = X3,

iaux = X4,

On the other hand, we have:

-

e A, g ay
X 2 | _ a21 a22 a23 a24

Ay Ay Ay Ay

Ay 8y, A3 Ay,

2 %y (19)

w

X X X X
N
+

o T T T

IS
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Xl
X2
y :[Cn Ciy Cy3 014] X (20)
3
XA
where, U is identity matrix and the coefficients of the
A and B matrixes are dependent to the windings
characteristics: effective resistance, self and mutual
leakage inductance.

a; = f(I;,R.R,N,), i,je{1234] (21)
bij :g(lileivRavNi)l ivj€{1'2'3’4} (22)
¢, €{0,1) (23)

The above coefficients can be obtained by classical
method of the transformer parameter measurements.
Each of the coefficients with respect to boundary
condition was simply obtained from Eq. (5) through Eq.
(8).

The optimum performance of the auxiliary windings
adoption in transformers based on the above mentioned
criterions for system stability was clarified by solving
the state equation corresponding to Eq. (9) for the
following cases:

Case 1: for x, =0 and x, =0, the results show that the

system is more stable when x, =0 the roots are nearer
to the origin (0,0).

Case 2: the values of R, =0 and R, >0 were
substituted in a; and b; coefficients. The results

showed that for R, =0 the roots are nearer to the
origin.

As a consequence, for the investigated method, the
auxiliary current iy, must flow through the windings,

N, and N ,, with the lowest value R, in the circuit.

5. Numerical Case studies

For clarity purposes, numerical examples are
performed based on the real data obtained from three
different types of practical transformers namely: current
injection  transformer, pulse  transformer and
superconductor transformers, and are evaluated by
computational FEM results.

5.1. Example 1: CIT System

Definition- CIT Systems are within the major group
of the standard type test equipments in electrical
industry; therefore, their performances are very
important. These equipments are able to convert 25A up
to 1000A in single-phase or three phases state to high
currents (5kA up to 100kA). When designing a high
current devices, there are many factors to be considered
from which, mechanical forces due to high current
passing through secondary winding of the CIT must be
ensured. Mechanical forces are highly dependant on the

stray magnetic fields within the windings. The most
important parameters of the CIT [3, 9], are shown in
Table 1.

FEM results- The proposed method was
implemented on a 25 kA-125 kVA single phase CIT.
The stray field and mechanical forces in the CIT with
and without of the auxiliary windings were simulated
using FEM. The results of FEM computations are
shown in Tables 2 and 3. These results illustrate that
minimum R, and I, provide the best operation for

the CIT. On the other hand, R, =0 Q, I, =21uH are

practical optimized parameters in which mechanical
force is 691 N. In this condition, peak value of stray
flux density is 0.17652T which is the lowest value of
stray flux density in this case study.

Table 1 Parameters of the CIT with auxiliary winding

Capacity 125 kVA
Rating Voltage 400/5V

Frequency 50 Hz

Max. Field Density 16T
Core Materials 30 M5

. Je 7.6 Almm®

Main Windings VIT 5\
Auxiliary Je 3 A/mm?
Winding No. of Turns 30

Table 2 FEM computation for various values of auxiliary
windings resistance (R, )

Maximum Mechanical
Cases Stray  Flux Force (N)
Density (T)
without auxiliary 0.20175 1130
windings )
with  auxiliary
windings  when | 0.18225 740
R,=0
with  auxiliary
windings ~ when | 0.18874 834
R, =20Q
with  auxiliary
windings  when | 0.19433 976
R, =50Q

Table 3 FEM Computation for different stray inductances of
auxiliary windings in case of R, =0

I (uH) Maximum_ Stray | Mechanical
aux Flux Density (T) | Force (N)

37 .(conventlonal 0.18225 740

design)

30 0.17954 712

21 0.17652 691

Proposed proof- According to the state Egs. (18)
through (23), calculation of eigenvalues for the CIT
system validates the FEM results. The CIT system poles
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and the dominant pole for the studied cases are shown in
Tables 4 and 5. It is shown in Table 4 the highest rank
of the dominant pole belongs to the case with auxiliary
windings when R, =0Q and then for the cases

R, =20Q and R, =500, respectively. However, it can

be deduced that the short circuited auxiliary windings is
the most suitable case for the proposed method.
Furthermore, It can be noticed in Table 5 that by
reducing the auxiliary windings stray inductances the
best condition for CIT operation can be obtained. It can

also be seen that, s, =-0.0011x10* (related
toR, =0Q,1,, =21uH) is the nearest eigenvalue to

the origin compared with the other cases. In this
condition the mechanical forces in the FEM results have
the lowest values.

Table 4 Computation of system poles for various values of
R

a

Cases System Poles Dominant Pole

_ s, =-1.9313x10° . = (_0.000029
Without | s ' (_0.000020+ | 2 " T
auxiliary ' ) 0.000861j)x10
windings | 0.000861j)x10°
with s, = —6.9522x10*

i

m'd:ﬁ;ys s, =-0.0014x10* | s, =-0.0014x10°*
When 33‘4 = (—01439 +
R.=0 8.9159 j)x10*
with s, =-0.0121x10°
auxiliary | g _ 6 7036x10° | s, = (~0.0018—
windings ]
when S, =(-0.0018+ 0.0437 j)x10°
R, =20Q | 0.0437j)x10°
with s, =-0.02765
auxiliary | ¢ __32371%10° | s, = (~0.0024—
windings ]
when S0 =(-0.0024+ | 0.0543j)x10°
R, =50Q | 0.0543j)x10°

Table 5 Computation of system dominant poles for different
leakage inductances of auxiliary windings in case of R, =0

lwe [#H] | Dominant pole
37 s, =—0.0014 x10*
30 s, =-0.0012x10"
21 s, =—0.0011x10"

5.2. Example 2: Pulse Transformer
Definition- Pulse transformer is a device that is
capable of transmitting substantially rectangular voltage
pulses, with durations of less than one millisecond.

These devices were developed for applications such
as in radar, NLC klystron pulse modulator, driving a
microwave amplifier, x-rays for medical and industrial
use, gas lasers for plasma technology and plasma
immersion ion implantation [1, 2, and 12]. Although
several their applications need medium or high voltage
pulses (1 up to 700 kV) that medium or high voltage
pulse transformer increases the output pulse voltage to
the value required for the load. The usually large
number of turns in the secondary winding (the
transformer ratio is frequently 1:10), together with the
insulation gap between windings and within the winding
layers give rise to increasing the values of the
equivalent parasitic elements (leakage inductance and
inter-winding capacitance). These elements speed up the
pulse rise time causing overshoot and oscillations [1]. In
this case study, the inter-relationship between the pulse
rise time and the stray fields are considered by
introduction of auxiliary windings in a pulse
transformer. Table 6 shows the parameters of the pulse
transformer.

Table 6 Parameters of the pulse transformer with auxiliary
winding

Capacity 5 kVA
Rating Voltage 500/5000 V

Frequency 10 kHz
Core Max. Field Density 15T

Materials 3C85

Je 2
Main VIT iéb‘lmm
Windings | Inter Winding 70

. pF

Capacitance
auxiliary | J; 3 A/mm?
Winding No. of Turns 25

FEM results- The proposed method was
implemented on a 5 kV-5 kVA single phase pulse
transformer. Tables 7 and 8 show the results of the stray
field and rise time of the pulse transformer being
extracted from FEM calculations for both cases: with
and without the auxiliary windings. It is shown in the
tables that the best performance of the pulse transformer
is obtained when the lowest connection resistance (R, )

and auxiliary windings leakage inductances (l,,)
occur. However, from practical point of view R, =0Q
and |, =12uH are optimized parameters in which

al
the rise time is 7uS and the peak value of stray flux
density is 0.217914 T which is the lowest value in this
case study.

Proposed proof- The computations of the
eigenvalues for the pulse transformer system validates
the FEM results. The poles and the dominant pole for
the several values of R, and I, are shown in Tables 9

and 10. In this case study, it is shown in Table 9 that the
highest rank of the dominant pole (s, =-0.0304x10")
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belongs to the case with auxiliary windings when
R, =0 and then for the cases R, =20Q and R, =500},

respectively. Furthermore, as it can be seen in Table 10
the reduction of |, gives the best waveform for the

pulse transformer due to the most vicinity of
s, =-0.0275x10*  (related to R,=0Q and

I, =12uH ) to the origin compared to the other cases.

aux
As the consequence, the FEM calculated rise time has
found to be in its lowest value.

5.3. Example 3: High Temperature Superconductor
Transformers
Definition- High temperature superconductor (HTS)
transformers promise a variety of benefits, including
improving overall power system performance. The
specific HTS transformer related benefits include: the
ability to overload without loss of insulation life,
reduced size and weight, improved efficiency, decreased
environmental impact, and ease of siting [11]. Resistive
losses in the windings constitute a significant proportion
of losses at full load and the desire to further
economically reduce these losses using superconducting
windings has been an elusive goal for greater than a
quarter century [5]. In this case study, the AC losses
which highly depend on the stray magnetic flux are
considered. The parameters of the studied HTS
transformer are shown in Table 11.

Table 7 FEM computation for various values of R,

Maximum Rise
Cases Stray Flux | Time
Density (T) (uS)
without  auxiliary 043573 36
windings )
with auxiliary
windings when | 0.24717 10
R, =0
with auxiliary
windings when | 0.26901 14
R, =20Q
with auxiliary
windings when | 0.29728 17
R, =500

Table 8 FEM Computation for different leakage inductances
of auxiliary windings in case of R, =0

L (H) Maximum Stray | Rise time
Flux Density (T) | («S)

19  (conventional | 0.24717 10

design)

15 0.22763 8

12 0.217914 7

Table 9 Computation of system poles for various values of
R

a

Cases System poles Dominant pole

_ s, =—2.3371x10° S — (0000441
without | g ' (_0.000441+ | 2 T
auxiliary ' ) 0.000096 j)x10
windings | 0.000096 j)x10°
with s, = —2.5925x10*
auxiliar
Windingﬁ s, =-0.0304x10* | 5, —=_0.0304x10"
when 33‘4 = (—03572 +
R.=0 2.1631j)x10*
with s, =—3.878x10°
auxiliary | ¢ _ _g4252410° | s, =(~0.0725—
windings ]
when S3, = (-0.0725+ 0.2561j)x10°
R, =20Q | 0.2561j)x10°
with s, =-1.0025x10°
auxiliary | o _ _3681510° | s, =(~0.0992—
windings
when S;4 = (—0.0992 + 0.0882 j)x10°
R, =50Q | 0.0882)x10°

Table 10 Computation of system dominant poles for different
leakage inductances of auxiliary windings in case of R, =0

Ly Dominant pole
(uH)
19 s, =—0.0304x10*
15 s, =—0.0289x10*
12 s, =—0.0275x10*
Table 11 Data of the HTS transformer with auxiliary winding
Ratin Capacity 20 kVA
9 Voltage 400/220 VV
Frequency 50 Hz
Core Max. Field Density | 1.6 T
Materials 30M5
Main Material BSCCO tape
Windings Je 18 A/mm?
VIT 45V
auxiliar Material BSCCO tape
Winding X 18 Afmm?
9 No. of Turns 35

FEM results- The auxiliary winding technique was
also performed for a 220 V-20 kVA single phase HTS
transformer. The stray flux density and AC losses of the
HTS transformer for both cases: with and without the
auxiliary windings, were calculated by FEM. The
results of FEM computations are shown in Tables 12
and 13. These results show that the Ac losses are in its
lowest value (due to the lowest stray field) are achieved
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when the auxiliary windings parameters are the lowest.
It can be concluded that, the best case is when R, =0Q

and I, =6uH from which AC loss is 3.19 W.

Table 12 FEM computation for various values of R,

Cases Maximum AC Loss
Stray Flux (T) | (W)

without  auxiliary

windings 0.03782 4.75

with auxiliary

windings 0.03459 3.54

whenR, =0

with auxiliary

windings when | 0.03586 3.87

R, =10Q

with auxiliary

windings  when | 0.03643 4.14

R, =20Q

Table 13 FEM Computation for different stray inductances of
auxiliary windings in case of R, =0

lx (2 H) Maximum Stray | AC Loss
Flux Density (T) | (W)

12 0.03459 3.54

8 0.03395 3.32

6 0.03243 3.19

Table 14 Computation of system poles for various states of
R

a

Cases System poles Dominant pole

_ s, = —1.3451x10° S, = (_0.000061
without | o ' (-0.000061+ | 2 T
auxiliary ’ ) 0.000652 j)x10
windings | 0.000652j)x10°
with s, =—6.6801x10"
auxilia
Wlndlngg SZ = _0'0552X104 S2 =-0.0552 ><].04
When 33‘4 = (—05674i
R.=0 5.1431j) x10*
with s, = —4.5671x10°
auxiliary | ¢ _ _60037x10° | s, =(~0.0627—
windings
when S, = (-0.0627 £ 0.0313j)x10°
R, =10Q | 0.0313)x10°
with s, = —4.2541x10°
auxiliary ¢ _ 5 4319x10° | s, = (-0.0825—
windings ]
when S, =(-0.0825+ 0.0782 j)x10°
R, =20Q | 0.0782j)x10°

Table 15 Computation of system dominant poles for different
leakage inductances of auxiliary windings in case of R, =0

lx (#H) | Dominant pole

12 s, =—0.0552x10*
8 s, =—0.0462x10*
6 s, =—0.0417x10*

Proposed proof- Calculation of eigenvalues for the
HTS transformer validates the FEM results. The poles
and the dominant pole for the above mentioned cases
are shown in Tables 14 and 15. According to Table 14,
the highest rank of the dominant pole belongs to the
case with auxiliary windings when R, =0 and then for

the cases R, =10Q and R, =20Q, respectively.

Moreover, FEM calculation shows that minimized AC
loss is related to the conditions in which R, =0Q and

I, =6uH that is in good agreement with the results
shown in Table 15.

6. Conclusion

In this paper the dominant effects of the stray fields
influencing mechanical forces in CIT, pulse rise time in
pulse transformers and AC losses in HTS transformers,
have been thoroughly investigated. In each case study,
the stray fields were calculated in the presence and
absence of auxiliary windings by FEM analysis and the
corresponding results were validated with the proposed
mathematical proofs of the concept. The mathematical
proofs were based on related dominant poles of the
auxiliary windings to be as close to the origin as
possible using state equations.

The present approach has been described with
reference to exemplary embodiments. However, it will
be readily apparent to those skilled in the art that it is
possible to embody the phenomena in the other
electromagnetic systems other than those three case
studies described above without departing from the
spirit of the concept.
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