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Abstract: A 2D analytical method for magnetic vector potential calculation in inner rotor
surface mounted and surface inset permanent magnet machines considering slotting effects,
magnetization orientation and winding layout has been proposed in this paper. The
analytical method is based on the resolution of Laplace and Poisson equations as well as
Maxwell equation in quasi- Cartesian coordinate by using sub-domain method and
hyperbolic functions. The developed method is applied on the performance computation of
two prototypes surface mounted permanent magnet motors and two prototypes surface inset
permanent magnet motors. A radial and a parallel magnetization orientation is considered
for each type of motor. The results of these models are validated through FEM method.
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1 Introduction

RUSHLESS permanent magnet machines are

interested in industrial applications due to their
high efficiency, power density and robustness. An
accurate prediction of airgap magnetic field distribution
is necessary in order to calculate electromagnetic
torque, back electromotive force and self or mutual
inductance more precise. A variety of techniques
including analytical and numerical methods has been
conducted to evaluate the magnetic field distribution in
electrical machines. Numerical methods like finite
element method (FEM) give accurate results and are
time-consuming especially in first step of design stage
[1]-[2]. Analytical methods including conformal
mapping [3]-[6], Magnetic Equivalent Circuit (MEC)
[71-[9], sub-domain model [10]-[26] and slot relative
permeance calculation [27]-[28] are reported to model
electrical machines and are useful in first step of
performance evaluation and design optimization stage.
The sub-domain model is more accurate than the other
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analytical models [7]. This method is developed based
on solution of Laplace and Poisson equations in
different regions by applying boundary conditions for
electrical machines [10]-[26].

The focus of this paper is to develop an analytical
model based on resolution of Laplace and Poisson
equations in brushless surface mounted and surface
inset permanent magnet machines by using the sub-
domain  method considering  slotting  effects,
magnetization orientation and winding layout. It is
shown that the developed model can effectively
estimate magnetic field, electromagnetic torque, back
electromotive force and self/mutual inductance. This
model is applied on the performance calculation of four
prototype brushless machines. It’s shown that the results
of analytical model are in close agreement with the
results of FEM.

2 Problem Definition

The geometrical representation of the investigated
brushless machines are shown in Fig. 1. The machines
parameters including the rotor inner radius, R; rotor
yoke radius, Ry, the rotor surface radius, Rs, the stator
surface radius, R4, the stator slot inner radius, Rs, the
stator slot outer radius, Re and the stator yoke radius, Ry.
Two different magnetization orientation including radial
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(b)

Fig. 1 The schematic representation of (a) surface mounted, (b) surface inset permanent magnet machines.

(©

and parallel magnetization for each topology are shown
in Fig. 2.
The following assumptions are made in theoretical
analysis:
o Permeability of rotor and stator cores are infinite;
o End effects are neglected,;
The machine model is divided into four sub-domains.

Vl\

QO

(d)
Fig. 2 Permanent magnet magnetization orientation, (a) surface-radial magnetization, (b) surface- parallel magnetization, (c) inset-
radial magnetization, (d) inset- parallel magnetization.

The stator which has two sub-domains including Q; slot
regions (domain j) and Qs slot opening regions (domain
i) and the airgap sub-domain (region Il) are shown in
Fig. 3. The rotor has one sub-domain including Q-
permanent magnet regions (domain 1) as shown in Fig.
4,

The angular position of the i-th stator slot, i-th stator
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Ry Rs Ry R;
Fig. 3 The stator sub-domains including j and i regions.

Rl Rz Rg
(b)
Fig. 4 The rotor sub-domains including i region.

slot opening, i-th permanent magnet are defined as (1),
(2), and (3), respectlvely A representation of o, g, and y
is shown in Fig. 3

a 2ir . .
0. =——+— with 1<i<
] 2 Ql Ql (1)
B 2ir . .
0 =——+—— with 1<i<
T2 Q % @)
y 2r . .
0 =—%~+—— with 1<i<
| 2", Q, 3

3 Magnetic Vector Potential Calculation

General solution of Laplace or Poisson equation in

each sub-domain is developed in this section. The
Laplace equation can be described in polar form as

2 2 <r<R
d 2A+1%+l2%=0 for | ’ (@)
or* ror r°o6 6,<0<6,
Replacing r by R:e®, one obtains
R
In| =+ |<t<0
% aA—O for {Rz (5)

o oo
6,<6<0,

The above equation has a quasi-Cartesian form instead
of polar form. Therefore, it is possible to derive an
analytical expression for magnetic vector potential
based on hyperbolic functions.

3.1 Magnetic vector potential in the stator slot sub-
domain (Region j)

The Poisson equation in the stator slot sub-domain is
given by
A 62

ot? 692

t <t<t,
6,<0<0,+a ©)

=—u,J for {

R . .
where t, = In[R—S), t, =0 and J is slot current density.
6

Neumann boundary conditions at the bottom and at each
side of the slot are obtained as

oA, OA.

— =0 and — =0 @)
00 0=0 0=0;+a

|,

1 — 8
al., (8)

The general solution of (6) using the separation of
variables method is given by

Aj (t&) = aoj _%/uo‘]i (eﬁt_i_%ezutlj
. cosh(f:;(t—tl)j
E . hr
smh( . (t —t ))
XCOS(h—”(H—Qj)j ©
a

where h is a positive integer and the coefficients a,’

+Ya,
h=1

and a,’' are determined based on the continuity and
interface conditions.

The continuity of the magnetic vector potential
between the sub-domain j and the region i leads to
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oA, A for 6 <0<6+p
| = 0=yt (10)
1=t 0 elsewhere
Interface condition (10) gives
11,3, sinh (t,) ——jg 1 (0).do (11)
. Hi +a hﬂ'
a,’ :EL, f(0 COS( . (0-9, )j.de (12)

3.2 Magnetic vector potential in the stator slot
opening sub-domain (Region i)

The Laplace equation in the stator second inner slot
opening sub-domain is given by

aA aA‘ =0 for {0

at2 8492
R,

where t, = In( jandt =0.
RS

—+

<t<t,
0<06+p

3

(13)

I/\

Neumann boundary conditions at the bottom and at each
side of the slot are obtained as

A
00

=0 and %

0=6,

=0 (14)

0=6+p

The general solution of (13) using the separation of
variables method is given by

_| sinh (m(t—t4)j
A(to)=a)+bit+ 3 P al
" sinh Ug(g —t4))

+Sinh(h;(t t)j b; cos[h;(ﬁ 0)] (15)

sinh (T;(g —t3)j

where m is a positive integer and the coefficients, a;,

by, a, and b. are determined based on the continuity

and interface conditions.
The continuity of the magnetic vector potential between
the sub-domain | and the regions i and 11 leads to

Ai(t,0)=All (t.0) for 6<0<0+p (16)
Ai(t,.0)=Aj(t,.0) for 6<0<6+p (17)

Interface condition (16) gives

a, = %j: 7 Al (t,.6).d6 (18)

= J' All (,.0). cos(—(& 9)) Z (19)

Interface condition (17) gives

<ofge-ti

2 =211 W(,0) cos(—(& e)j.de (21)

j(t,.0).d60 (20)

3.3 Magnetic vector potential in the air-gap sub-
domain (Region I1)

The Laplace equation in the internal airgap sub-
domain is given by

O’A, A, t, <t<t,
+ =0 for 22
ot’ 06° 0<0<2x (22)

where t; = In[R J and t, =0.
R4

The general solution of (22) considering periodicity
boundary conditions is obtained as

1 cosh(n(t- t)) o

A, (16) = i n smh( )

i 1 cosh(n ( )

+—

nsinh(n(t,—t;)) "
(n(

cos(ng)

ts)
(t5 6)
n(t-ts)

d 1

1 cosh(n(t-t, ) ;
» | nsinh(n ) nhe) @)
+n:1 ! cosh(n(t-t,)) sin(n9)
)

nsmh( (ts—t))

where n is a positive integer.
The coefficients a!', b, c!' and d! are determined

considering the continuity of magnetic vector potential
between the internal airgap sub-domain Il and the
region i using a Fourier series expansion of interface
condition (24) and (25) over the airgap interval.

The continuity of the magnetic vector potential
between the internal airgap sub-domain Il and the
regionsi and | leads to

oA
0 —| for 6.<60<6+p
% =g(0)=14 atl., (24)
s 0 elsewhere
oA
o —| for 6, <0<6, +y
% =h(@)=q ath, = k (25)
o 0 elsewhere

Interface condition (24) gives
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02 6+

vl ) 9(0).cos(ng).dé (26)
W 2 pos .
c, =5, g(6).sin(n@).de 27

Interface condition (25) gives

by =%J§kwh(¢9).cos(n«9).d¢9 (28)
[ :% *h(0)sin(n0).do (29)

3.4 Magnetic vector potential in the rotor permanent
magnet sub-domain (Region I)

The Poisson equation in the rotor permanent magnet
sub-domain is given by

2 2
A A :_&(My_am,j

ot 06° r 00
t, <t<t,
for (30)
0<f0<2zx

2

where t, = In[i] andt; =0, M, and M, are
R
tangential and radial components of magnetization.

Radial Magnetization

The radial and tangential components of radial
magnetization for surface mounted design in Fig. 2 ()
can express as

nzo

M, = 4B, sin( ”J (32)
MHNTT 2

My, =0 (32)

where o is magnet pole width to magnet pitch ratio.
The radial and tangential components of radial
magnetization for inset design in Fig. 2 (c) can express
as

4(-1)°B, . [nmpJ
M, = sin (33)

M, =0 (34)

Where o is rotor slot width to slot pitch.

Parallel Magnetization

The radial and tangential components of parallel
magnetization for surface mounted design in Fig. 2 (b)
can express as

Mrn :lu_rap[Ain (ap)+A2n (ap):| (35)
Men :%ap[Ain (ap)_AZn (ap):| (36)
where

A (@, )= ey (37)
2p
sin[(np—l)zapJ
fn (@) =1 )™ rmE e
1 for np=1

The radial and tangential components of parallel
magnetization for inset design in Fig. 2 (d) can express
as

|
[y
~—
=~
sy
R

M m = ,Uo a,_‘:[Ain (ap.ar)_ Azn (ap'ar ):| (39)
_()Ba _
R LA AN )
where
sin[(np+a,) "y ]
2
A (o, ) - mpa, (42)
(mp+ar)y
sin[(np—ax,);:(p j
~ L for np=«a,

AZn (ap-ar)— (np_ar);;iz (43)

1 for np=«,

A. Surface Mounted Permanent Magnet Machine

For surface mounted design, Neumann boundary
conditions at the bottom the permanent magnet are
obtained as

Al o

~ (44)

t=tg

The general solution of (31) using the separation of
variables method is given by
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, cosh(n(t—t,))
- h(n(t, —t,
A (to)=>] cosh (n( n;za)) cos(no)

" +Xn(t).cos[ 2ap
o cosh(n(t t,))

+i " cosh(n(t, -t,)) sin(no) @)
=i [nﬂa

).sin

X, (t)= (1+ e"”j 2 (1)

_M@ijn(m (49)

cosh(n(t,—t;))\" n
y(,%&e‘ ifnp=1
fa(t)= (7)
M, +M
—py —— R1e’tln(R1e") ifnp=1

2

where n is a positive integer and the coefficients a, and

¢, are determined based on the continuity and interface

conditions.
The continuity of the magnetic vector potential between
the sub-domain | and the regions Il leads to

A (t.0)=A, (t:.0) (48)

Interface condition (36) gives
1 2 2r
a = [ A (t::0).cos(no) do (49)

I _i 27 .
&= |7 A (t.6).sin(n6).d6 (50)

B. Surface Inset Permanent Magnet Machine

For surface inset design, Neumann boundary
conditions at the bottom the permanent magnet are
obtained as

Al _
5l 9 (51)

oA Lt k
-1 = -1)' B d
Al _Re'(08, an

oA ot k
20 =Re " (-1) B, (52)

=6, +y

The general solution of (31) using the separation of
variables method is given by

A (t.0)=al —Re ™ (-1)B, (9—@ —gj

o cosh(z(t—t;))
+Z(ah cosh(z(t, —t,))

h=1
+X, (t).cos(zg,))xcos(z(6-6,)) (33)
hzM,, + M, L) =
X! (t)= %m&(e +Zej it h=135,... (54)
0 if h=2,46,..

where z=hx/y, h is a positive integer and the coefficients
ao' and an' are determined based on the continuity and
interface conditions.

The continuity of the magnetic vector potential between
the sub-domain | and the regions Il leads to

A (t7'9) =A (te"g) (55)

Interface condition (36) gives
a) =R,(-1)'B (9 6, ——) j”“ A (1,.0)d60  (56)

al ZEJ'::WA” (t,.0).cos(z(0-6,)).do (57)

4  Performance Calculation and Model Evaluation
4.1 Performance Computation

The electromagnetic torque is obtained using the
Maxwell stress tensor and expressed as

T, - [7BI, (1,0)81,(1,6) 6 (58)
Mo 70

where Lsis the axial length of the motor and t. is
calculated by

R (R, +Ry)
t =In|=%| and R =232/
%) o o0

e

For single layer winding, the phase flux vector is
calculated by

Va
v, |=N.C [gol 0, Py .. (/JQJ (60)
V.
where N, is the number of conductors in the stator slot,
C is a matrix connection between the stator slots and

phase connections, and ¢ is the slot flux.
For the stator slots, ¢ is given by

LR, 7 ft gy
? :_TS [7], A (to)e™ dtdo (61)
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where ki, is the stator fill factor and S is the area of the
stator slot.

For double layer winding, the phase flux vector is
calculated by

.| [vL] [v2
v |=| VL |+ V2 (62)
v ] L] [v2
where
i N
vl |=—F CT [@11 P Pis ¢1Q2:| (63)
Lyl
and
w2,
Ng 1
w2, :?Cz [(021 Doy D3 (/72Q2:| (64)
R
For the stator slots, ¢ is given by
2LR _
0 =— jjAﬂ (to)e™ dtdo (65)
2 R _
0, = Ls jﬁj A, (£0)e? dtdo (66)
The back-EMF of phase A is given by
dy
E,=0— 67
dé, 7
0 -1 0 0 -1 O
c,=|-1 0 0 -1 0 O
0O 0 -1 0 0 -1
1 00100
C,=|0 0 1 0 01
010010

Table 1 Parameters of the investigated motors.

0

where o is the rotor angular speed and s is flux linkage
per phase A.

The stator inductance (self-inductance) of phase A is
given by

L=
IA

(68)

where 4 is the peak current in phase A.
The mutual inductance of phase A and phase B, is given

by

N@g

IB

M = (69)

where N, is the number of phase turns, pas is magnetic
flux in phase A and Ig is the peak current in phase B.

4.2 Model Evaluation

In this section, the presented analytical model is used
to study the magnetic flux density, electromagnetic
torque, back- electromotive force, self-inductance and
mutual inductance of four prototype motors. The results
of analytical method are then verified by the results of
finite element method. A 2D model of the studied
brushless permanent magnet motor is shown in Fig. 1
and the motor parameters are given in Table 1. The
matrix connection between the stator slots and phase
connections of each layer for the investigated motors are
given by

-1 0 0 -1 0
0 0 -1 0 O
0 -1 0 0 -1
00100
01001
10010

Symbol Quantity Surface mounted machine  Surface inset machine
R1 Inner radius of the rotor slot 5mm 5mm
R2 Outer radius of the rotor slot 11.3mm 11.3mm
Rs Inner radius of the stator 14.5mm 14.5mm
Ra Outer radius of the stator inner slot opening 15mm 15mm
Rs Outer radius of the stator inner slot 16mm 16mm
Re Inner radius of the stator outer slot 28.5mm 28.5mm
Rz Outer radius of the stator outer slot 32mm 32mm
i Angular position of the first rotor slot 35 35
6 Angular position of the first stator slot opening 26 26
Ok Angular position of the second stator slot opening 12 12
o The first stator slot opening angle 30 30
B The second stator slot opening angle 8 8
y The rotor slot angle 54 36
p Pole pairs-number 6 6
Q1 Number of stator slots 9 9
Br Remanence of the permanent magnets 1.2T 1.2T
Ls Axial length 35mm 35mm
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2D finite element method is applied on performance
calculation of the investigated motors. Magnetic field
distribution in the motor is represented in Fig. 5. An
Open circuit comparison of analytical and numerical
results of radial flux density and cogging torque of the
investigated motors are shown in Fig. 6 and Fig. 7,
respectively. An on load analytical and numerical
comparison of, radial flux density, electromagnetic
torque, back-electromagnetic force, self-inductance and
mutual inductance in the investigated motor are shown
in Fig. 8, Fig. 9, Fig. 10, Fig. 11 and Fig. 12,
respectively. The investigated on load condition are
given in Table 2.

The open circuit and on load radial components of the
flux density distribution in the middle of the air gap (at
r=12.9 mm) are shown in Fig. 6 and Fig. 8, respectively.
The effect of the surface mounted and surface inset
topology on the radial component waveform of the flux
density is clear. The effect of slot opening on the flux
density waveform in these two topologies is very clear.
However, in case of surface inset machine, the flux
density waveforms distortions at the locations of the
rotor slots diminished. The analytical results are in an
excellent agreement with the results of finite element

(©
Fig. 5 Magnetic flux distribution in the investigated motors a) radial magnetized surface mounted motor, b) parallel magnetized
surface mounted motor, c) radial magnetized surface inset motor and d) parallel magnetized surface inset motor.

method. It can be seen that the presented 2D analytical
model can compute the cogging torque with an excellent
precision for surface mounted and surface inset
machine.

Fig. 9 shows the electromagnetic torque waveforms in
terms of rotor position for different magnetization
orientation in the surface mounted and surface inset
topologies. At each rotor position, the current values in
the different slots updated to have a sinusoidal current
waveform. It is obvious that the radial surface mounted
machine and the parallel surface mounted machine
produce an average torque of about 1.156 Nm and 1.137
Nm, respectively. In case of surface inset machines, an
average electromagnetic torque of about 0.564 Nm and
0.617 Nm can be seen for radial and parallel design,
respectively. The average torque decreases slightly at
the locations of the stator slot-openings. We can also see
the effect of magnetization orientation on the torque
ripple. In case of these two topology, the effect of
cogging torque, slot opening and magnetization
orientation and PM arrangement on torque ripples is
evident. Once again, it can be seen that the analytical
results are in close agreement with the numerical

(d
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rotor angular position for a rotating speed 1000 rpm are
compered in Fig. 10. In case of surface mounted
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Fig. 6 Open circuit analytical and numerical comparison of radial flux density for the investigated motors a) surface mounted motors

and b) surface inset motors.
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Fig. 7 Open circuit analytical and numerical comparison of cogging torque for the investigated motors a) surface mounted motors and

b) surface inset motors.

Table 2 the investigated on load conditions.

Rated Power  Rated Speed Line to Line Voltage (V) Frequency (Hz) Ambient temperature (°C)  Temperature rise (°C)
W) (RPM)
150 1000 120 50 22 60
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Fig. 8 On load analytical and numerical comparison of radial flux density for the investigated motors a) surface mounted motors and

b) surface inset motors.
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Fig. 9 On load analytical and numerical comparison of electromagnetic torque for the investigated motors a) surface mounted motors
and b) surface inset motors.
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Fig. 11 On load analytical and numerical comparison of self-inductance for the investigated motors a) surface mounted motors and b)
surface inset motors.
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Fig. 12 On load analytical and numerical comparison of mutual inductance for the investigated motors a) surface mounted motors
and b) surface inset motors.
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5 Conclusion

A general analytical model for performance prediction
in brushless surface mounted and surface inset
permanent magnet machines considering slotting
effects, magnetization orientation and winding layout
has been developed in this paper. Fourier analysis
method based on sub-domain method and hyperbolic
functions is applied to derive analytical expressions for
calculation of magnetic vector potential, magnetic flux
density, electromagnetic torque, back-electromotive
force and self/mutual inductance in these machines.
This model is applied for performance computation of
four prototype motors and the results of proposed model
are verified thanks to FEM results.
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