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Abstract: The proposed theorem in this paper is indicative of a kind of duality in the
propagation of waves in the dual media of ENG<>MNG and DPS«<>DNG in the spherical
structures. Independent of wave frequency, the number of layers, their thickness, and the
type of polarization, this theorem holds true in case of any change in any of these

conditions.
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1 Introduction

Metamaterials are the group of materials in which the
real part of the permittivity and/or permeability is
negative [1-6]. These materials are classified in three
groups of ENG (Epsilon Negative) with negative
permittivity, MNG (Mu Negative) with negative
permeability and DNG (Double Negative) with negative
permittivity and permeability. Natural materials are
called DPS (Double Positive). The chief purpose of this
paper is to establish a duality between two dual planar
multilayered spherical structures with interchanges
DPS—DNG or ENG—MNG. Consider a plane wave
incident on a multilayered spherical structure. The core
of the structure may be PEC, metamaterial or dielectric.
If we apply the interchange DPS<-DNG or
ENG-MNG for the constituting materials of the
spherical structure and the surrounding medium, the
radar cross section of the structure will not change in
any direction. Establishing a duality between different
classes of these structures may be used to extend the
practical limitations of realization of metamaterials.
This kind of duality was shown for planar structures [3-
5]. Expanding the application scope of this duality to
include spherical media as well is what this paper deals
itself with.

The structure that will be studied in this paper is a
multilayered spherical structure, which is particularly
important owing to the fact that it can be considered as
one of the basic and canonical shape of practical
objects. In general, electromagnetic waves scattering
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from multilayered spherical structures are studied by
analytical, approximate and numerical methods [6-8].
Here we use the theoretical method of addition
theorems, where the fields are expanded in terms of the
spherical Eigen functions in various media. In this
method the wave in each layer is considered as the sum
of the two forward and backward waves [6]. It should
be noted that due to employing different materials
(conventional materials and metamaterials) the correct
sign of the real and imaginary parts of the wave number
k and intrinsic impedance 1 should be selected [9-12].

The formulation used in this paper is valid for any
frequency bandwidth, number of layers and constitutive
materials, and for both monostatic and bistatic radars.

At first the numerical procedure is discussed and
then the theorem is given a mathematical proof. At last
some typical examples are represented to validate this
theorem.

2 Numerical Procedure

Consider a sphere of radius »; coated by several
concentric spherical coatings of radii 7, i =2, 3, ... as
shown in Fig. 1. The inner sphere may be composed of
a perfectly electric conductor or dielectric material or
metamaterial.

In order to calculate the electromagnetic plane
waves scattering from this spherical structure, we use a
method based on the radial components of electric and
magnetic Hertzian potential vectors. The advantage of
this method is using the Scalar wave equations instead
of its vector state [6]. The field components in spherical
coordinates can be expressed in:

I, = I, 0, =IL¢ (1)

where I, is responsible for producing all TM modes as
H, =0, and II, produces all TE modes as E, = 0.
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Fig. 1 Geometry of the problem.

Functions II; and TII, satisfy the scalar wave
equations:

(VE+KDHIL =0, i=12 Q)

Electric and magnetic fields can be achieved by the
equations below. Here, boundary conditions for IT; and
I1, are different:

E = VxV x (IL#) — jupV x (1TL,1)
H = jweV x (rTL,7) + V x V x (rTL,7)

3)

Thus He, Hy, H;, E¢, Eg and E; in spherical
coordinates can be expressed in terms of I1; and IT,:

1 0? 0
= rI1,)+ jop—1I1
* = Teind arog | HIOH T
2
H =—j0)8il_[1,+.; a—(rl'[z)
¢ 00 rsin® Orog
0’ 1
=- ) - jop———TI1
0 =T Troe T TIeR T T @
. 1 1 8
H, = joge——1II, +— —(1I1,)
sin® O oroo
82
E, =¥(rH1)+k2rH1
0? )
Hr ZE(rHQ-i-k I'l_I2
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Now, consider a plane wave incident on the
spherical structure:

E_ — e’jkNHZi
_ 1 ke gn 5
Hinc — e Tk y ( )
LI
The radial components of the fields are:
E, =E, f=e""sin0 cos
7 A 1 —j rCos _ + 3 6
H,=H, 1= ¢ %0 sing ©)
nN+1

We assume the time dependence ¢, which should
be considered for the selection of right signs of ¢ and u
[9-12].

The boundary conditions are the continuity of
tangential components of electric and magnetic fields,
namely:

Ei,9 =E
H

i,0

Ei,¢ = Ei+1,¢
H. L =H

i+1,06 »°

d ™

i+1,06 2 i, i+1,0

The expressions of boundary conditions will be
functions of both I1; and I, as Eq. (2) shows. However,
we prefer the boundary conditions to be functions of
only one Hertzian potential, namely IT; or I1,. We may
obtain such relations by a linear combination of the

fields.
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Consequently, the continuity of the following
quantities  is  arrived at  the  boundaries

o(rIly) o(rIl,)
o

We then express the incident plane wave in terms of
the expansions of spherical functions for the radial
Hertzian potential using the addition theorems [6]:

»e 11, i),

H2N+1)1 = Z Z jn (kmlr)P:1 (COSG)[AS;COSHI(P +
n=0 m=0
B! sinme]
L. ®)
My, = Z Z J (Ky.,T)P" (cos®)[A2 cosmo +
n=0 m=0
Bsinme]

where the surrounding medium in free space is denoted
by i = N+1 and:

. 1 & .

rl_I;NH)l =—— z Al (kNHr)Pi1 (cosB) cose
kN+1 n=1

| oL ©)

rl_I;Nm2 =—F z AT (kNHr)Pln (cosB)sin @

Ny Kngr 0=l

=)"'@n+D _

where Al =
n(n+1)

The scattered field is given by the following Hertzian
potential with superscript s instead of i in Eq. (9).

1 & .
erNH)l = kz ZAH an Hf]z) (kNHr)PL (COSG) COS(P
N+l n=l ) ( 1 O)
s -1 Y(2) 1 .
rH(N+1)2 = —22Anann (ky,,T)P, (cos0) sing
MKy 45
In function I1,,, the first subscript m refers to the
layer and the second one refers to the mode n = 1, 2.
We now express the Hertzian potentials in the
spherical layers by the sum of spherical Bessel and

Hankle functions as:

I'1_111 = kiziAn [ann (klr) + dn?n (klr):| x

1 n=1

P! (cos0) cose

. (11)
I, = %2 A, [ed, (k) +d, ¥, (k) ]x
1™ n=l

P! (cos®) sin ¢

Inside the inner sphere, the function fn(k,r) is

omitted, because it is singular at » = 0.

We then consider the case of a PEC sphere. The
tangential electric field on the surface of sphere should
be zero:

g(rHH) =0
or r=r
=0=

(12)

Specifically, for Eq. (11) we have:

¢, J (k1)+d Y (k 1)=0 (13)
Clnjn (kl r1)+d'u?n (kl rl) :O

We use the following identity:
an (kr) =k, (kr)—=T (kr) (14)
or r
in Eq. (13) to obtain:
¢, [k rljn—l (kl L ) - njn (kl h ):|
+d, [k ¥, ()=-nY, (k 1)]=0 (15)
c.J (k)+d Y (k1)=0

The continuity of tangential fields at the boundary
between layers / and / + 1 are:

0 0
— |1 = Il
or [ il ] r=t,, B I: (D)1 ] r=r,,
(16)
g1l ‘ _ = 81+1H(1+1>1 —r
L 4

Combining Eq. (11) and the first relation in Eq. (16),
we have:

k., |:en j;q(kmrl)"'fn \?n (kpm) :| (17)
=k [, I, (ki) +d, Y, () |

For the second relation in Eq. (16), we have:

1 15 RS
},l_ |:Can (klrl ) + dn Yn (klrl ):|
L (18)
- I:ean (k1+1rl ) + fn Yn (kl+1rl ):I = O
My
Finally, for the boundary between the outer coating
and the free space, we have:

a i s
L), -

0

a[rn Nl] r=r

N+1 (19)
Exy (Hi(rwm + HZNH)I) r=r1y,, -
8NHN1 F=r
T IN+1

Using Egs. (9), (10) and (11), we have:

Abdolali & Salary: A New Theorem Concerning Scattering of Electromagnetic Waves in ... 161



|:jn (kN+IrN+I )_ anI:l1(12) '(kN+IrN+I ):|

1 A AL
= E |:an11 (kNrN+1 )+ q,Y, (kN INdi )i|

1 (20)
|:Jn (kN+er+l ) - anH:f) (kN+1rN+1 ):|

[N
1 . .
= _I:ann (kN o ) +q, Yn (kNrN+1 ):|
N

Consequently, we collect the boundary conditions
for electric Hertzian potentials in a matrix equation as

[A][X]=[B] in Eq. (21), where m, = —
1+1
In an exactly similar way a matrix equation may be
derived for the magnetic Hertzian potential boundary
conditions. In the first line, the derivatives are replaced

by the functions, u is replaced by #e and
Koo

= = .
Ky My By

Also, in the case of dielectric or metamaterial core,
the two derived matrix equations will change slightly as
we will have 2 more unknowns and by applying the
boundary conditions on the surface of the core
(matching the tangential components of the fields) we
will have 2 more equations too.

With the large argument relations for the spherical
Hankle functions and according to Eq. (10), we have:

C T k) Y.kr) 0 0---
3 Jkn) o Yikn)  -mlGor)  -m Y (n)-
1 & 1 1 &
. Jn(ker) - Y, (k) -— Jn(kzrz) -—Y, (k,,)-
1y 1 My K,
0 0 T, Gk) Y, (k5.
1 1 ~
0 0 7Jn (k1r1+l) 7Yn (klrl+l)
: 1 1
0 0 0 0
0 0 0 0
o :
c, | 0
" 0
" 0
x| " =1
0
Pa -
mNJn(kN+er+1)
q, )
_an Jn (kN+1rN+l)
| Mnat ]
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N

T

(N+D1 — 52
T
and

0 ( s
or (rH(N+1)1

The field components are

(N+1)2 =

Janf o

" A_a_P' (cos®)cose

N+1 n=1

e_JkNHr ®

N+l N+l n=

) —Jky, 11

(NH)i

N

n-n-n

n-nn

i""'A b P! (cos0)sing
1

IJ'N+1

) e’jKNHr
E; =f, (6,¢)
. e’jKNHr
By =1, (6.0)—
where
jcos @S, (0)
fy =T 8, (0) =
kN+l
P 0
2n+1 —P (cos0) + b, (cos 0)
= n(n+ l) sin 6
jsin @S, (0)
fLP = =T S,(0)=
kN-*-]
> P! 0
Z 2n+l a, “(.COS ) +b, iPé(cos@)
on(n+1) sin O do
in which
0 0 0 ]
0
0 0 0
_mlj;l (kl+lrl+] ) _ml?r; (kl+] L ) Tt 0
1 - 1 A
_7Jn (kl+lrl+1) Yn (kl+lr1+1)"' 0
“’Hl ”’I'IH :
T, (k) Y, (kyt) m HP (k1)
1 1 & 1 A
7Jn (kNrN+l) 7Yn (kNrN+l) 7H£|Z)(kN+er+l)

(22)

(23)

24

(25)

21
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P]
A, (cos0) =——— (,COS %) ,

dsm 0 (26)
Q_(cos0) = © P! (cos 0)

Finally, considering Eq. (24) we can express the
total scattered field as:

oI+

g <|ef : @7)
r

S
+E¢

and according to definition of Radar Cross Section
(RCS).

s|?

RCS = (0, 9) = lim4nr? (28)

2

inc

Finally, we derive the following equation for the
RCS.

RCS = o(8, ) =4n(f, [ +|f, ") (29)

3 Proof of the Theorem

First, we examine the effects of the interchanges
ENG-MNG and DPS<—DNG on the propagation
constants of the layers. Therefore, when the DPS
material changes into DNG (or vice versa), we will have
the following:

eppg =& —j¢’
DPS(—)DNG:{ pps =& 7JE
Hpps =M1 —JH
N *
g =—g'—jg"=—¢ (30)
:{ DNG J DfS
HpNG = —H' = 1" =—Hpps

The effect of these interchanges on the wave number
and on the intrinsic impedance of the layer is thus:

{kDPS =k'—jk" - {kDNG =—k'— jk" =—kppg
Mops =MEIM" - [npng =n'F jn" =npps

It will be observed that, the effect of this interchange
on 1 and k is the same as the previous one Eq. (31):

{kENG =k’ - jk" - kyvng =Fk'— k" = kNG
Neng =N+

€2))

o (32)
NMMNG =N —JN = MENG
In these relations, n",n’, k", k’,u",u'," and &' are

assumed to be positive. These relations show that as a
result of the interchanges ENG<—MNG and DPS—DNG
k, n, € become equal to the negative conjugate of their
previous case, and 1 becomes equal to the conjugate of
its previous case. In addition, considering the qualities
of the extended spherical functions of Bessel, we know
that:

Y,

n(_x*)z(_l)n 9.4 (%), (33)

n

( ): n+l Yn (X),

H(z)( ):( )n+1 H(z)*( )’

~(2) Y (2)%
A0 () = (1) A" (x)
Now, consider matrix equation Eq. (21). After these

interchanges are applied, according to relations Eq. (30-
34), the new matrix equation will be thus:

(~1)"[AT TXTnew =(~1)" [BT (34)
By comparing the above relations, it is easily
observable that:

- -k

Cn Cn

d, dy

€n €n

fn fn *

: = : = (an )new = (an )old (35)
Pn Pn

dn dn

[ 8n Jdnew [ 8n Jold

In a similar way, it can be seen from boundary
conditions for magnetic Hertzian Potentials:

_Cvn ] _c'n T

d' d'

e'y e’y

f! f' "

. ! e ! = (bn )new = (bn )old (36)
P'y P’y

q'y q'y

-bn Jnew -b ’n-old

Now, considering the fact that the functions of
A, (cosB) and Q(cos6) are real, according to

relations mentioned Eq. (25), for all 0<06<r, we will
have the following:

[Si(0)] ., =[Si(0)] ;:i=12 (37)
Therefore, taking the relations given in Eq. (25) into
account, for f, and fy we will have:

(fo ) pew = (fe)old (f )new :_(fq’)old (38)
Therefore:

|f9|I216W :|f9|(2)1d ’|f(P|new :| (P|01d (39
Finally, according to relation Eq. (29), the theorem

is proved, due to the fact that:

RCS,eww = RCSy14 (40)

This conclusion is independent of the direction of
the transmitter and the receiver.
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4 Numerical Results and Discussion

In this section several typical examples are provided
to verify the validity of the theorem for non-dispersive
and dispersive metamaterials.

4.1 Non-Dispersive Media

Example 1) Lossy Multilayered Spherical Structure
and its Metamaterial Dual

Consider a DPS sphere of radius 10 cm with
parameters € =5 —j0.1, x = 3 — j0.2 coated with a layer
of lossy DPS materials of thickness 2 cm and
parameters € = 1 — j0.3, u = 7 — j0.05 located in free
space with parameters ¢ = 1, 4 = 1. We calculate the
radar cross section at 0 =7, ¢ = 7/2, in Af=[2, 15] GHz
ultra wide frequency band. Then we apply the
interchange DPS«<>DNG so that the parameters of the
central sphere change to ¢ =—5 —j0.1, u =-3 —j0.2 and
the parameters of the coating to ¢ = -1 — j0.3,
u = =7 — j0.05, and the free space becomes a
metamaterial medium with the parameters € = 1, u = 1.
We calculate the radar cross section at the same
coordinates again, and draw the corresponding curves in
Fig. 2. It is observed that the RCSs do not change.

We repeat the same procedure again at 6 = 7/4, ¢ =
7/5, and calculate and draw the corresponding RCS
curves in the two dual cases of DPS and DNG. The
equality of the RCSs confirms the validity of the
theorem proposed in this paper.

Example 2) Conductor Sphere with ENG or MNG
Coating

A PEC sphere of radius 8 cm, coated with a layer of
ENG materials of thickness 3 cm with parameters
€ = =5, u = 3, receives an incidence of plane wave of
frequency =7 GHz. We calculate the radar cross section
for 0< 0 <= in the half planes ¢ = /3 and ©. Now, we
replace the ENG coating with its MNG dual, i.e. € = +5,
u = -3, and the DPS free space with its metamaterial

-20 T T

I I I I I I
T RS i LEREE SRR,
- |

| | | | |
26F - - /- + 4\ - e T

i | | |
28l - JI R e+ A B A H LAt ]

| | | | | J

o | | | I |

%'3077 e T

=~ | | | | | |
0 -3R2rHF---17---—7---"\- (it TW Mt T

@] I I I I I I
X 34 e [ + - —

| | | | | |
R el e TR i ___ L=, ]

| | Y . ) !

agl-—— L | —0=n,¢=n/2,DPS media

[ i | .

I | | 8 6=r,¢=n/2,DNG media
40P e | ==6=n/4,¢=n/5,DPS media
42 - - -~ oA | * 0=n/4,=n/5,DNG media

2 4 6 8 10 12 14

Frequency (GHz)

Fig. 2 The radar cross section of the multilayered spherical
structure composed of DPS materials and of DNG materials
(the dual case) at different angles versus frequency.

dual, i.e. ¢ = -1, u = -1, and calculate the RCS again and
draw it in Fig. 3. It will be observed that the
interchanges DPS—DNG and ENG—MNG do not have
any effect on the RCS. Moreover the theorem is
independent of the direction of the transmitter and the
receiver.

4.2 Dispersive Media

In the examples above, the considered materials
were non-dispersive and had great compatibility with
the theorems proposed in this section. Although such
examples provide us with a clear idea, the problem with
them lies in the fact they cannot have physical
realization. In practice, there are various dispersion
relations for conventional materials and metamaterials,
the most important of which are given in Table 1 [13].

Now, to examine the validity of the above-
mentioned theorem for dispersive materials, we
calculate the parameters of the dispersion relations in
the arbitrary frequency bandwidth of Af in a way that
they realize the DPS—DNG or ENG-MNG
interchange. For this purpose, we divide the Af
bandwidth to » mid-frequencies, and through the
minimum squares method [14], derive parameters of
dispersion functions (according to Table 1) in a way
make the interchanges of Eq. (28) and (30) possible.
Below, we have included examples for various
dispersive materials in different structures.

Example 3) Lossy Dispersive and Magnetic Material
Sphere or Dispersive Metamaterial Sphere

Consider a sphere of radius 6 cm composed of lossy
magnetic materials with parameters &, = 1, yu, = 1.74,
K = 7.06 and o = B =1. Consider another sphere, in
another condition, composed of metamaterials with the
dispersion relations of Drude and Lorentz and
parameters f;, = 40.16, y. = 0.001, f,,, = 30.05, f,, = 0.9
and y,, = 6.65.

0 T ‘ T T

— ¢=3,ENG coating

o $=3,MNG coating
= ¢=n,ENG coating
* ¢=n,MNG coating

1 \ 1 1
0 20 40 60 80 100 120 140 160 180
0 (degrees)

Fig. 3 The radar cross section of the conductor sphere coated
with ENG materials and with MNG materials (the dual case)
at frequency f =7 GHz in the half planes ¢ = n/3 and © versus
different angles of observation 6.
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Table 1 Dispersion relations for common material and metamaterial media.

Type of Material Permittivity Model Permeability Model Class of Material
DPS e= fr_ Jg_l w=p, Lossy dielectric
£* P
DPS €= g L Lossy Magnetic
£* " fP
2 .
f —jf, ion-
DPS = ¢, n= Hm ( 2m ; mf) Relaxatlot;type
f + fm magnetic
2
fep
DPS, ENG e=1- 5 n=1 Rods Only
7 —jfy.
£2 —f2
DPS, MNG e=1 p=1- 5 mg = Rings Only
f _fmo J me
£2 £2 —f2
I\aZ%,EI;\II\(IBG‘ e=1- 5 e'p p=1- 3 mg H.lo Rods & Rings
fo—jfye o 1o =1 fYm

[ | —6=0,Lossy magnetic (DPS)

o o 0=0,Metamaterial (DNG)
UE) .10} |=6=r,Lossy magnetic (DPS)|- - - .- - - - — — _
O ¥ p=n,Metamaterial (DNG)
04
| | |
20— - -~ A--—— - - e & PO L
I | LR +‘
e #**' * .
L3 | |
304 TS 4 SASE Fem oo T
S0peir ‘ ‘ !
| | |
| | |
- L | |
4%0 25 30 35 40

Frequency (GHz)
Fig. 4 The radar cross section of the sphere composed of

dispersive DPS and DNG (the dual case) materials in
directions (0 = 0 and 7) versus frequency.

It is noteworthy that these parameters are calculated,
through the minimum squares method, in a way that
makes the DPS <> DNG interchange possible in the
assumed Af = [28, 29] GHz bandwidth. Now, we
calculate the forward and backward radar cross sections
(6 = 0, m) of this sphere, in Af = [20, 40] GHz
bandwidth, in the two dual states and draw them in Fig.
4. It should be noted that in the first case the DPS
sphere is located in free space, and in the second case
the DNG sphere is located in the dual metamaterial; that
is € = -1, u = -1. It will be observed that in the vicinity
of Af = 28.5 GHz frequency, at which the DPS—DNG
interchange only approximately holds, the calculated
radar cross sections are very close to one another, and
this confirms the proposed theorem. Now, to show that
the theorem is independent of the direction of the
transmitter and the receiver, we calculate the radar cross

Abdolali & Salary: A New Theorem Concerning Scattering of Electromagnetic Waves in ...

section, in both of the dual states, at frequency f = 28.5

GHz in all directions (0<¢@<2r,0<6<m), and then

draw their difference, i.e. RCSppg —RCSpng, in Fig.

5. It will be observed that RCSppg —RCSpyg is very

close to zero for all 8 and ¢. That is:

RCSpps = RCSpnG (41)
This verifies the validity of the proposed theorem

even for the situations in which dispersive conventional
materials or metamaterials are used.

¢ (degrees)

0 (degrees)

Fig. 5 Three dimensional graph of difference of the radar cross
sections of the sphere composed of dispersive DSP and DNG
materials (the dual case) at frequency f = 28.5 GHz versus the
angles 0°< ¢ <360°, 0° <0 < 180°.

165



Example 4) Conductor Sphere with Dispersive ENG
or MNG Coating

A conductor sphere of radius 2 c¢m, coated with a
layer of ENG materials of thickness 2 cm with Drude
dispersion model and parameters f,, = 42.9, y. = 0.001,
i =1, is located in free space. It receives an incidence
of plane wave of frequency Af = [29, 32] GHz. We
calculate the radar cross section in the direction 6 = &
and also 0 = /4, ¢ = w/2 and 0 = 7/2, ¢ = 0. Now,
according to ENG-MNG and DPS—DNG
interchanges, we assume that the MNG coating follows
the Lorentz dispersion model and has the parameters &,
=1, fop =429, £y = 0.5 and y, = 0.001, and that the
surrounding medium is a metamaterial with parameters
€ = -1, p = -1. Then we calculate the RCS again and
draw them all in Fig. 6. The results indicate the validity
of the proposed theorems.

The theorem proved in this paper, may be used to
extend the practical limitations of realization of
metamaterials. Thin wires are used for the realization of
negative permittivity and split-ring resonators are used
for the realization of negative permeability. This
theorem establishes a duality between electric and
magnetic resonators. However, a medium with negative
constitutive parameters doesn’t exist and this limits the
application of the theorem.

5 Conclusion

A new theorem has been proved in this paper, for
incidence of plane waves on a multilayer spherical
structure with PEC, metamaterial or dielectric core
coated with metamaterials. The interchanges
DPS<—DNG and ENG<MNG does not change RCS in
any direction. Then a duality is established for the radar
cross section between two dual structures with
substitutions DPS«>DNG and ENG+-MNG.

22 ‘ ‘ ‘ ‘ ‘
: : —0=n,(Rod only)ENG
22.27 === 1"~ 77771 8 e=m,(Ring only)MNG I
D opal o 0=/2,¢=0,(Rod only)ENG ||
T ! || * 0=n/2,¢=0,(Ring only)MNG
Y| N— 1 |=—0=n/4,4=n/2,(Rod only)ENG |
o | | © 0=n/4,6=r/2,(Ring only)MNG
228 e
| | | | |
_Zéu,-,-uyy,u‘a,u,u,-i-,-‘gg ,,,, T ,,,,, :r ,,,,, T,,,,,
O OR R R o X RR RORR R R R Kk k%
23.2- - - -~ | — — 11— _ - — — — _ N L _ - -]
| | | | |
o | | | | |
29 29.5 30 30.5 31 315 32

Frequency (GHz)

Fig. 6 The radar cross section of the conductor sphere coated
with dispersive ENG materials and dispersive MNG materials
(the dual case) versus frequency in different directions.
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