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Characteristics 

A. Jabbari*(C.A.), H. Moradzadeh**, and R. Lotfi***. 

Abstract: Along with the development of hybrid electric vehicles, researchers are trying to 

reduce existing limitations such as noise and environmental concerns and improve the efficiency 

and reliability of these systems. The use of magnetic gear technology is one of the solutions that 

have been recently proposed to remove these limitations and achieve higher benefits. In this 

paper, a mechanically coupled magnetic geared (MCMG) machine has been introduced. An 

accurate analytical model based on the subdomain method is presented to calculate the magnetic 

machine performance. To do this, first, a pseudo-Cartesian coordinate system is specified, and 

then the constitutive equations, i.e. Laplace’s and Poisson’s equations are rewritten for different 

regions of the machine. The separation of variables method was used to determine the general 

solution of the equations. Then by applying appropriate interface and boundary conditions, the 

Fourier coefficients of the equations were determined. To verify the analytical results, the 

performance of the proposed magnetic machine is numerically simulated using the finite element 

method in commercial software, and then a prototype is built and tested in three distinct modes. 

By comparing the analysis results with numerical simulation results and experimental tests, the 

high accuracy of the proposed analytical model can be confirmed. 

Keywords: Mechanically Coupled Magnetic Gear, Subdomain Method, Finite Element Method, 

Prototyping, Hybrid Electric Vehicle. 

 

  

1 Introduction 

URRENTLY, with the development of 

permanent magnet machines including magnetic 

gears with rare earth materials, the torque 

characteristics and efficiency of these machines have 
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been significantly improved [1-3]. Typically, in 

applications such as hybrid electric vehicles, a 

mechanical power transmission system is used to 

achieve high torque and low-speed [8]. Mechanical 

systems often require precise lubrication and 

maintenance and have limitations such as high 

vibration and noise, short life, etc. Machines called 

magnetic gears have now been invented which, 

unlike their mechanical counterparts, are non-contact 

and have high torque [7]. The working principle of 

this machine is based on the modulation of the 

magnetic flux in the magnetic transmission, and it 

can be considered a combination of a magnetic rotor 

and an electric motor/generator. With the non-contact 

power transmission system of this device, the 

dimensions of the device are greatly reduced and you 

can use its direct drive low-speed applications. 

 A review of the history and development of 

magnetic gear technologies in recent years is given in 

[8]. The aim of this work is to give readers some 

insight into the advantages and disadvantages, 
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challenges, opportunities, and technology readiness. 

In [9], the design and performance of a magnetic 

gear, which employs rare-earth magnets were 

described. Simulation studies have shown to have a 

transmitted torque density exceeding 100 kNm/m/sup 

3/. The structure and the performance characteristics 

of a magnetic gear using SmCo 5 for the permanent 

magnet were studied in [10]. The magnetic gear has a 

gear ratio of 1/3 and the maximum transmitted torque 

is 5.5 Nm at the driven magnetic gear. The results of 

this study seem to be useful for the development of 

industrial application of noncontact magnetic gears. 

A summary of the state of the art in magnetic gear 

technology was presented in [11] and then 

investigated its potential for marine energy 

applications. A brief overview is given of the state of 

the marine energy industry and the environment in 

which marine energy converters (MECs) operate. A 

short history of MG development over the past 

century is then presented followed by a discussion of 

the leading MG technologies and their relative 

advantages. The design of a prototype concentric-

type magnetic gear is evaluated in [12]. The effects 

that the mechanical bridges connecting the modulator 

segments have on the performance of the gear have 

been analyzed by using detailed two-dimensional 

(2D) finite element (FE) analysis. New ripple factors, 

which better correlate with torque ripple than the 

cogging factor are introduced in [13], and illustrate 

why designs with no integer gear ratios tend to have 

much smaller torque ripples than designs with integer 

gear ratios. Thus, it is recommended to select pole 

counts that result in an even number of modulators 

but not an integer gear ratio. A coaxial magnetic gear 

that offers higher torque density, lower cogging 

torque, and lower iron losses than its counterparts 

was proposed in [14]. The key is to newly employ a 

Halbach permanent-magnet (PM) array to constitute 

the PM poles in the inner rotor and a partial Halbach 

array for the outer rotor. The corresponding magnetic 

field distributions, torque transmission, and torque 

ripples are analytically discussed. The main aim of 

the work presented in [15] is the imposition of 

constraints for the multi-objective optimizations of 

magnetic gears. In order to reduce the computational 

effort, a semi-analytic design procedure is adopted, 

providing a fast simulation tool that can be embedded 

within an optimization loop. Magnetic, thermal, and 

mechanical constraints are discussed and embedded 

into a stochastic algorithm, in order to identify 

immediately infeasible geometries.  To obtain a 

sinusoidal distribution of air gap magnetic field, in 

presented work in [16], an exact 2-D analytical 

method is proposed to calculate the magnetic field 

distribution in a concentric magnetic gear with 

Halbach permanent-magnet arrays, and analyze the 

relationship between the parameters and maximum 

static torque, the parameters include width of 

modulating ring core, height of modulating ring and 

thickness of outer rotor yoke.  

    Due to the greater number of mechanical parts, 

mechanically coupled magnetic geared machines 

have a higher degree of freedom compared to electric 

machines [17-19]. The ability to achieve continuous 

gear ratios in these machines increases the likelihood 

of using them in hybrid electric vehicles. 

Nowadays, commercial software based on finite 

element analysis methods is used as a powerful tool 

for accurate performance analysis of permanent 

magnet motors/generators. Even in some of them, 

parametric modeling of the motor/generator is 

embedded. Despite this, the research results show 

that these capabilities are not generalized for the 

parametric modeling of the magnetic gearbox, and 

often the numerical modeling of these machines in 

commercial software is difficult and time-consuming. 

By using the analytical technique based on the 

subdomain method, parametric modeling and 

accurate and fast estimation of the magnetic 

characteristics of magnetic gears are provided. In this 

method, after dividing the magnetic machine into 

several separate regions, partial differential equations 

are written for each region. In order to solve the 

equations, the method of separation of variables is 

used and the coefficients of the equations are 

obtained by considering the conditions of the junction 

of the adjacent regions. 

Several works [21-41] have been reported in the 

field of analytical modeling of permanent magnet 

electric machines and the effect of parameters such as 

stator slots, magnetization direction [21, 22], 

permanent magnet arrangement [20,] [23] and 

magnetic permeability have been reviewed.  

In limited works, including [24] and [25], simple 

analytical models for basic magnetic gears have been 

presented. Although these models are not sufficient 

for analytical modeling of mechanically geared 

machines, they can be used as a basis for accurate 

modeling of these machines in our research. 

    In this research, the design of an MCMG machine 

is presented, and then an analytical model based on 

the subdomain method is developed to accurately 

calculate the magnetic characteristics of the machine. 

In this model, several features such as magnetization 

orientation, slots, and permanent magnets topologies 

are taken into account.  

 To validate the results of the presented analytical 

model, a prototype has been designed, built and 

tested, and the results of the analytical modeling have 

been compared with the results of the experimental 

tests and numerical simulation. The evaluation of 
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these results shows that the maximum error 

percentage is less than 3%. 

2 Model Construction 

The components of the MCMG machine are 

introduced and an analytical model is presented to 

calculate its performance in different working modes. 

2.1 Mechanically Geared Magnetic Machine 

Typically, the powertrain is coupled to an electric 

motor to provide the desired speed/torque 

specifications. In the design of the proposed MCMG 

machine, the axis of the electric machine and the 

magnetic gearbox are common. In other words, the 

magnetic gearbox is built into the electric machine as 

an integrated system. 

      The components of this system include the high-

speed PM rotor/low-speed PM rotor (common 

between the gearbox and the electric machine), and 

the modulator ring, which determine their 

performance status in different working modes 

including motor mode, and battery charging mode. 

For example, in battery charging mode, high-speed to 

low-speed transmission is performed by the MCMG 

machine. In motor mode, usually the high-speed rotor 

is common between the gearbox and the machine and 

is driven by the armature field. Different gear ratios 

can be achieved by keeping one of the gearbox 

components (i.e. permanent magnet rotor or 

ferromagnetic modulator) fixed. 

      Mechanically coupled machines have high torque 

density and are used for special applications such as 

electric vehicles. In addition, due to the CVT 

capability due to three rotors with rotational degrees 

of freedom, these machines are of great importance. 

  In Fig. 1, the schematic representation of the 

studied mechanically geared machine is given. 

Permanent magnets are mounted on the surface of the 

high-speed and low-speed rotors and a number of 

coils are wrapped around the stator teeth. By 

adjusting the rotational speed of a distinct 

component, the other two components rotate with a 

specific gear ratio. In other words, by fixing one part 

of the machine and moving its other two parts, the 

corresponding gear ratio of the driving parts is 

obtained. 

 
Fig. 1 A schematic of mechanically coupled magnetic geared machine. 1- Inner rotor, 2- modulator, 3- common rotor, 4- 

stator core. 
In a magnetic gear, the following mathematical 

relationship is used to determine the number of 

ferromagnetic modulator parts [4] 

 

(1) 𝑁𝑚 = 𝑝𝑖 + 𝑝𝑜 

 

where, 𝑝𝑖  and 𝑝𝑜 are the number of inner and outer 

rotor poles, respectively. 

The relationship between the product of the number 

of parts and their corresponding rotational speed is 

calculated from the following formula 

 

(2) 𝑁𝑚Ω𝑚 = 𝑝𝑖Ω𝑖 + 𝑝𝑜Ω𝑜 

 

where Ω is the mechanical angular velocity of the 

respected components.  

Considering the conservation of energy law as well 

as the gear effect [12] or field modulation [23], the 

torque relation can be expressed as follows 

 

(3) 𝑇𝑖 + 𝑇𝑚 + 𝑇𝑜 = 0 

 

(4) 𝑇𝑖Ω𝑖 + 𝑇𝑚Ω𝑚 + 𝑇𝑜Ω𝑜
= 0 
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where, 𝑇𝑖 , 𝑇𝑚 and 𝑇𝑜 are the inner rotor, modulator, 

and outer rotor torque, respectively. 

      In low-speed/high-torque mode, the inner rotor is 

connected to the driver and the outer rotor/ modulator 

is connected to the load. In this case, the modulation 

effect is calculated by the gear index as follow 

 

(5) 

𝐺𝑟 =
𝑇𝑚
𝑇𝑖

=
Ω𝑖
Ω𝑚

=
𝑁𝑚
𝑝𝑖

 

or 

𝐺𝑟 =
𝑇𝑜
𝑇𝑖

= −
Ω𝑖
Ω𝑜

=
𝑝𝑜
𝑝𝑖

 

 

     In this research, the modulator consists of 14 

ferromagnetic parts and the internal and external 

rotors consist of 2 and 12 pairs of poles, respectively. 

 

2.1.1. Subdomain Method Implementation 

In the subdomain method, the machine geometry is 

divided into several distinct regions. Then Laplace’s 

equation (for airgap and ferromagnetic regions) or 

Poisson’s equation (for windings and magnet 

regions) are written. Then, appropriate boundary and 

interface conditions are applied and the general 

solution of the equations is determined by the method 

of separation of variables. Finally, by using the 

method of Fourier series, the coefficients of the 

equations are determined. Now, by solving a set of 

equations, it is possible to estimate the values of flux 

and torque in different areas of the machine.  

The magnetic vector potential in air gap and 

ferromagnetic regions can be expressed according to 

Laplace’s equation in polar system as follow 

 

(6)  for {
𝑅1 ≤ 𝑟 ≤ 𝑅2
𝜃1 ≤ 𝜃 ≤ 𝜃2

 

𝜕2𝐴(𝑟. 𝜃)

𝜕𝑟2
+
1

𝑟

𝜕𝐴(𝑟. 𝜃)

𝜕𝑟

+
1

𝑟2
𝜕2𝐴(𝑟. 𝜃)

𝜕𝜃2
= 0 

 

    The magnetic vector potential for the permanent 

magnet and coil areas can be calculated from 

Poisson's equation in the polar system according to 

the following equation 
 

(7) 

for {
𝑅1 ≤ 𝑟 ≤ 𝑅2
𝜃1 ≤ 𝜃 ≤ 𝜃2

 
𝜕2𝐴(𝑟. 𝜃)

𝜕𝑟2
+
1

𝑟

𝜕𝐴(𝑟. 𝜃)

𝜕𝑟

+
1

𝑟2
𝜕2𝐴(𝑟. 𝜃)

𝜕𝜃2

= 𝑓(𝑟. 𝜃) 
 

The results of previous work [23] shows that 

simpler mathematical models for magnetic gearboxes 

can be achieved by defining the pseudo-Cartesian 

coordinate system and rewriting the Laplace’s and 

Poisson’s equations in the new system. Fig. 2 shows 

the two-dimensional geometric model of the studied 

MCMG machine in polar and pseudo-Cartesian 

coordinate systems. The Laplace’s and Poisson’s 

equations in the new system are 
 

 

(8) for {
𝑡1 ≤ 𝑡 ≤ 𝑡2
𝜃1 ≤ 𝜃 ≤ 𝜃2

 
𝜕2𝐴

𝜕𝑡2
+
𝜕2𝐴

𝜕𝜃2
= 0 

 

(9) 
for {

𝑡1 ≤ 𝑡 ≤ 𝑡2
𝜃1 ≤ 𝜃 ≤ 𝜃2

 
𝜕2𝐴

𝜕𝑡2
+
𝜕2𝐴

𝜕𝜃2

= 𝑓(𝑡. 𝜃) 
 

where 𝑡 = 𝑙𝑛(
𝑟

𝑅1
), 𝑡1 = 𝑙𝑛 (

𝑅2

𝑅1
) and 𝑡2 = 0. 

  
(b) (a) 

Fig. 2 The MCMG machine geometry in (a) polar and (b) quasi-Cartesian coordinate system. 
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     The magnetic vector potential for periodic regions 

is calculated from equation (10). If the region is non-

periodic, the magnetic vector potential can be 

calculated from (11) [23]. 

(10) 

𝐴𝑧Ω(𝑡. 𝜃) = 𝑎0
Ω + 𝑏0

Ω𝑡 − 𝑓𝑧Ω(𝑡) 

+∑
1

𝑛
(𝑎𝑛

Ω
𝑆ℎ(𝑛(𝑡 − 𝑡2))

𝑆ℎ(𝑛(𝑡1 − 𝑡2))
+ 𝑏𝑛

Ω 𝑆ℎ(𝑛(𝑡 − 𝑡1))

𝑆ℎ(𝑛(𝑡2 − 𝑡1))
)𝐶𝑜𝑠(𝑛𝜃)

∞

𝑛=1

 

+∑
1

𝑛
(𝑐𝑛

Ω
𝑆ℎ(𝑛(𝑡 − 𝑡2))

𝑆ℎ(𝑛(𝑡1 − 𝑡2))
+ 𝑑𝑛

Ω 𝑆ℎ(𝑛(𝑡 − 𝑡1))

𝑆ℎ(𝑛(𝑡2 − 𝑡1))
) 𝑆𝑖𝑛(𝑛𝜃)

∞

𝑛=1

 

 

(11) 

𝐴𝑧Ω(𝑗)(𝑡. 𝜃) = 𝑎0
Ω(𝑗) + 𝑏0

Ω(𝑗)𝑡 − 𝑓𝑧Ω(𝑗)(𝑡)

+∑(
𝑎ℎ
Ω(𝑗)

𝜈ℎ.Ω(𝑗)

𝐶ℎ(𝜈ℎ.Ω(𝑗)(𝑡 − 𝑡2))

𝑆ℎ(𝜈ℎ.Ω(𝑗)(𝑡1 − 𝑡2))
+
𝑏ℎ
Ω(𝑗)

𝜈ℎ.Ω(𝑗)

𝐶ℎ(𝜈ℎ.Ω(𝑗)(𝑡 − 𝑡1))

𝑆ℎ(𝜈ℎ.Ω(𝑗)(𝑡2 − 𝑡1))
) 𝐶𝑜𝑠(𝜈ℎ.Ω(𝑗)(𝜃 − 𝜃1))

∞

ℎ=1

 

 

In Fig. 3, comprehensive information about the 

characteristics of each region including the relevant 

equation, boundary and interface conditions of the 

studied MCMG machine is given. The general 

solutions of the equations for different areas are 

given in Table A1 to A5. The equations listed in 

Table A6 can be used to determine the coefficients of 

the equations in Tables A1 to A5 by using the Fourier 

series. 

     The radial and tangential flux density components 

are obtained for each sub-domain in polar 

coordination by using curl from the magnetic vector 

potential, i.e. 𝑩 = 𝛁 × A and the magnetic field 

intensity is calculated by (12) that for PM domains 𝑀 

is not zero and for the other domains 𝑀 = 0. 

𝐻 =
𝐵

𝜇0𝜇𝑟
−
𝑀

𝜇𝑟
 

(12) 

     The torque is obtained using the Maxwell stress 

tensor and expressed as  

𝑇𝑒 =
𝐿𝑠
𝜇0
∫ 𝐵𝐼𝑟(𝑡𝑒 . 𝜃). 𝐵𝐼𝜃(𝑡𝑒. 𝜃). 𝑑𝜃
2𝜋

0

 (13) 

where 𝐿𝑠is the axial length of the machine and 𝑡𝑒 is 

calculated by 

𝑡𝑒 = 𝑙𝑛 (
𝑅2

𝑅𝑒
)  where  𝑅𝑒 = (𝑅2 +

𝑅3)/2 
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Fig. 3 Comprehensive information of equations and corresponding boundary conditions of each MCMG machine region. 
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3 Analytical Model Verification 

      In addition to the analytical modeling of the 

introduced machine, numerical simulation has been 

done in the finite element software and a machine 

prototype has been fabricated. The analytical 

modeling results have been compared with the results 

of numerical simulation and experimental tests in 

three working modes. Tables 1 and 2 list the 

dimensional and magnetic characteristics of the 

studied machine, respectively. Fig. 4 and 5 show the 

distribution of magnetic vector potential and 

magnetic flux density in the MCMG machine, 

respectively.  The performance results of the machine 

in three working modes have been compared 

analytically and numerically. In this study the length 

of first, second and third airgaps are 0.5, 0.5 and 1.25 

mm, respectively. The induced voltage values of the 

proposed machine in two modes of low-speed and 

high speed are obtained, respectively 8.74 and 12.42 

volts. The power of the system is calculated to be 

about 31 watts for a speed of 300 rpm and a torque of 

2 Nm. 

 
Table 1 Dimensional features of the studied MCMG 

machine. 

Value Symbol Value Symbol Value Symbol 

5 𝜃13 36 𝜃1 5.5 R1 

10 𝜃14 72 𝜃2 33 R2 

15 𝜃15 108 𝜃3 35 R3 

18 𝜃𝑗  11 𝜃4 35.5 R4 

36 𝛼 22 𝜃5 40 R5 

16.5 𝜃𝑘 33 𝜃6 40.5 R6 

11 𝛽 1 𝜃7 42.5 R7 

22.5 𝜃ℎ 15 𝜃8 48.5 R8 

15 𝛿 29 𝜃9 50.5 R9 

7.5 𝜃𝑖  4 𝜃10 52 R10 

5 𝛾 18 𝜃11  63 R11 

  29 𝜃12 65 R12 

R: radius in mm, 𝜃: mechanical degree 
 

Table 2 Magnetic and mechanical features of the studied 

MCMG machine. 

Value/Name Unit Parameter/symbol 

1.2 T 𝐵𝑟 

NdFeB-N35 - PM material 

M19-0.5 - Lamination material 

Cu - Wire material 

20  Number of conductors per slot 

2100 RPM Rated speed (High speed rotor) 

6, 7/6  CVT gear ratio 
 

 

  
(a) (b) 

Fig. 4 Magnetic vector potential (a) and Magnetic flux density distribution in the MCMG machine. 
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(a) inner air-gap (b) outer air-gap 

Fig. 5 An Analytical and finite element analysis of magnetic flux density in, (a) inner air-gap, (b) outer air-gap of the machine. 

 

In this research, in order to evaluate the performance 

of MCMG machine, three working modes including 

pure magnetic mode, hybrid mode and charging 

mode are considered. In pure magnetic mode, it 

drives the external rotor or shaft modulator. 

Depending on the choice of each one, the gear ratio 

will be different, and it is necessary to determine the 

appropriate gear ratio depending on the loading 

conditions. If the modulator is stationary, the inner 

rotor rotates the outer rotor at a ratio of 6 to 1. Fig. 

7(a) shows the torque waveform of this situation. In 

the situation where the inner rotor is considered 

stationary, the ratio of the rotation of the outer rotor 

to the modulator will be 6 to 7. In this case, the 

corresponding torque waveform will be according to 

Fig. 7 (b). This gear ratio is suitable for driving the 

car. In Table 3, the electromagnetic torque and ripple 

torque of the MCMG machine are compared in this 

working mode. 

  
(b) Gr=7/6 (a) Gr=6 

Fig. 7 Torque comparison for the MCMG machine at first mode. 
 

Table 3 Magnetic torque/torque ripple comparison at first mode. 

Outer rotor steady state 

torque, N.m 

Outer rotor  

Ripple 

Inner rotor steady state 

torque, N.m 
Inner rotor ripple 

Gr1=6 Gr2=7/6 Gr1=6 Gr3=7/6 Gr1=6 Gr2=7/6 Gr1=6 Gr2=7/6 

2.35 -6.38 0.782 2.4 0.00042 3.5 0.22 0.543 

 

In the second mode, i.e. the hybrid mode, the coil 

embedded in the stator can be fed and, in this way, 

the speed/torque regime of the modulator can be 

determined by selecting the gear ratio. This mode is 

especially important when starting the car, which 

needs to overcome the car's inertia. 

 

In the third mode, i.e. the charging mode, the external 

rotor and modulator are stationary, and the stator acts 

as a generator and the electrical energy is stored in 

the battery. In Table 4, the voltage values of the 

stored power in the battery are listed assuming that 

the internal rotor speed is 2100 rpm. The high voltage 

mode occurs when the modulator and the internal 

rotor rotate in the same direction with a speed of 300 

and 2100 rpm, respectively. 

 
Table 4 A comparison between induced voltages of the 

studied MCMG machine at third mode. 

Induced voltage, V 

Low voltage mode High voltage mode 

8.74 12.42 
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In order to validate the results of analytical modeling 

and numerical study, a prototype of MCMG machine 

has been built and its performance in different 

working modes has been evaluated by performing 

experimental tests. The material of the sections and 

the geometric dimensions are listed in the table 

below. 

 

Table 5 Parts material and their dimensions 

High-Speed Rotor Hybrid low-speed rotor 

Dimension Material Part Name Dimension Material Part Name 

0.5mm M19 Lamination 0.5mm M-19 Lamination 

 NdFeB - radial PM  NdFeB - radial PM 

L=164mm 

D=20mm 
MO-45 Shaft 

3mm Al Caps 

1mm*20 Cu Wire 

The effective length of the rotor: 20 mm 

 

 
 

(b) (a) 

  
(c) 

Fig. 8 The MCMG machine, (a) internal rotor and modulator, (b) exiernal rotor (c) the final machine. 

 
Figures 9 to 11 show the MCMG machine coupled 

with a motor and a generator. How to connect the 

motor to the power supply and the oscilloscope is 

also shown. The speed of the motor connected to the 

machine is 2100 rpm and at any gear ratio an optical 

sensor reports the rotational speed of the machine. 
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Fig. 10 On-load experimental test of the fabricated CVT 

gearbox. 
Fig. 9 No-load experimental test of the fabricated CVT 

gearbox. 

 

 

 
Fig. 11 Generator mode test. 

The generator output voltage values in low voltage 

and high voltage modes are shown in Figures 12(a) 

and 12(b). These results have been compared at a 

speed of 2100 rpm. The maximum error percentage is 

about 3. This difference is not visually recognizable 

in waveforms shown in Fig.12. 

  
(b) high voltage mode (a) low voltage mode 

Fig. 12 Induced voltage comparison for the fabricated MCMG machine at charging mode. 
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4 Conclusion 

 In this research, an MCMG machine has been introduced 

for use in an electric vehicle. The mentioned machine 

provides the possibility of working in three distinct 

working modes. To estimate the performance of the 

machine, an analytical model based on the subdomain 

method is presented. To validate and evaluate the accuracy 

of the proposed method, the performance of the machine 

has been calculated numerically using the finite element 

analysis method and compared with the analytical method. 

Also, a machine prototype has been built and experimental 

tests have been done in three working modes. The 

comparison of the results shows that the proposed analysis 

method is highly accurate in estimating the machine's 

performance and the maximum error percentage is 3%. 

Appendix A 
Table A1 Magnetic vector potential for inner rotor subdomains. 

Region/Limits General solution 

i-th PM region  

Ω = 1 

𝑡 ∈ [𝑡3. 𝑡4] 
𝜃 ∈ [𝜃1. 𝜃2] 

𝑀𝑟𝑛 =
4𝐵𝑟
𝜇0𝑛𝜋

𝑆𝑖𝑛(
𝑛𝜋𝛼𝑝

2
) 

𝐴𝑧Ω(𝑘)(𝑡. 𝜃) = ∑

(

 
 
 
 𝑎𝑛

Ω(𝑘)(𝜃2 − 𝜃1)

𝑛𝜋

𝐶ℎ (𝑛𝜋 (
𝑡 − 𝑡4
𝜃8 − 𝜃7

))

𝑆ℎ (𝑛𝜋 (
𝑡3 − 𝑡4
𝜃8 − 𝜃7

))

+𝑋𝑛(𝑡)𝑆𝑖𝑛 (
𝑛𝜋𝛼𝑝

2𝛼𝑟
)

)

 
 
 
 

𝐶𝑜𝑠 (𝑛𝜋 (
𝜃 − 𝜃1
𝜃2 − 𝜃1

))

∞

𝑛=1

 

+∑

(

 
 
 
 𝑎𝑛

Ω(𝑘)(𝜃2 − 𝜃1)

𝑛𝜋

𝐶ℎ (𝑛𝜋 (
𝑡 − 𝑡4
𝜃8 − 𝜃7

))

𝑆ℎ (𝑛𝜋 (
𝑡3 − 𝑡4
𝜃8 − 𝜃7

))

+𝑋𝑛(𝑡)𝑆𝑖𝑛 (
𝑛𝜋𝛼𝑝

2𝛼𝑟
)

)

 
 
 
 

𝑆𝑖𝑛 (𝑛𝜋 (
𝜃 − 𝜃1
𝜃2 − 𝜃1

))

∞

𝑛=1

 

𝑋𝑛(𝑡) = (1 +
1

𝑛
𝑒(𝑛+1)𝑡) 𝑓𝑛(𝑡) −

Cosh⁡(𝑛(𝑡 − 𝑡4))

Cosh⁡(𝑛(𝑡3 − 𝑡4))
(1 +

1

𝑛
𝑒(𝑛+1)𝑡3) 𝑓𝑛(𝑡3) 

𝑓𝑛(𝑡) = {
𝜇0
𝑛𝑝𝑀𝑟𝑛
1 − 𝑛𝑝2

𝑅2𝑒
−𝑡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝑖𝑓⁡𝑛𝑝 ≠ 1⁡

−𝜇0
𝑀𝑟𝑛
2
𝑅2𝑒

−𝑡𝑙𝑛⁡(𝑅2𝑒
−𝑡)⁡⁡𝑖𝑓⁡𝑛𝑝 = 1

 

 
Table A2 Magnetic vector potential for modulator subdomain. 

Region/Limits General solution 𝑓(𝑡) 

j-th modulator 

slot  

Ω = 4 

𝑡 ∈ [𝑡9. 𝑡10] 
𝜃 ∈ [𝜃5. 𝜃6] 

 

𝐴𝑧Ω(𝑗)(𝑡. 𝜃) = 𝑎0
Ω(𝑗) + 𝑏0

Ω(𝑗)𝑡 − 𝑓Ω(𝑗)(𝑡) 

+∑

(

 
 
 
 
 
 
 𝑎ℎ

Ω(𝑗)(𝜃6 − 𝜃5)

ℎ𝜋

𝑆ℎ (ℎ𝜋 (
𝑡 − 𝑡10
𝜃6 − 𝜃5

))

𝑆ℎ (ℎ𝜋 (
𝑡9 − 𝑡10
𝜃6 − 𝜃5

))

+
𝑏ℎ
Ω(𝑗)(𝜃6 − 𝜃5)

ℎ𝜋

𝑆ℎ (ℎ𝜋 (
𝑡 − 𝑡9
𝜃6 − 𝜃5

))

𝑆ℎ (ℎ𝜋 (
𝑡10 − 𝑡9
𝜃6 − 𝜃5

))
)

 
 
 
 
 
 
 

𝐶𝑜𝑠 (ℎ𝜋 (
𝜃 − 𝜃5
𝜃6 − 𝜃5

))

∞

ℎ=1

 
0 

 
Table A3 Magnetic vector potential for outer rotor subdomain. 

Region/Limits General solution 

k-th PM region  

Ω = 6 

𝑡 ∈ [𝑡13. 𝑡14] 
𝜃 ∈ [𝜃7. 𝜃8] 

𝑀𝑟𝑛 =
4𝐵𝑟
𝜇0𝑛𝜋

𝑆𝑖𝑛(
𝑛𝜋𝛼𝑝

2
) 

𝐴𝑧Ω(𝑘)(𝑡. 𝜃) = ∑

(

 
 
 
 𝑎𝑛

Ω(𝑘)(𝜃8 − 𝜃7)

𝑛𝜋

𝐶ℎ (𝑛𝜋 (
𝑡 − 𝑡14
𝜃8 − 𝜃7

))

𝑆ℎ (𝑛𝜋 (
𝑡13 − 𝑡14
𝜃8 − 𝜃7

))

+𝑋𝑛(𝑡)𝑆𝑖𝑛 (
𝑛𝜋𝛼𝑝

2𝛼𝑟
)

)

 
 
 
 

𝐶𝑜𝑠 (𝑛𝜋 (
𝜃 − 𝜃7
𝜃8 − 𝜃7

))

∞

𝑛=1
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+∑

(

 
 
 
 𝑎𝑛

Ω(𝑘)(𝜃8 − 𝜃7)

𝑛𝜋

𝐶ℎ (𝑛𝜋 (
𝑡 − 𝑡14
𝜃8 − 𝜃7

))

𝑆ℎ (𝑛𝜋 (
𝑡13 − 𝑡14
𝜃8 − 𝜃7

))

+𝑋𝑛(𝑡)𝑆𝑖𝑛 (
𝑛𝜋𝛼𝑝

2𝛼𝑟
)

)

 
 
 
 

𝑆𝑖𝑛 (𝑛𝜋 (
𝜃 − 𝜃7
𝜃8 − 𝜃7

))

∞

𝑛=1

 

𝑋𝑛(𝑡) = (1 +
1

𝑛
𝑒(𝑛+1)𝑡) 𝑓𝑛(𝑡) −

Cosh⁡(𝑛(𝑡 − 𝑡14))

Cosh⁡(𝑛(𝑡13 − 𝑡14))
(1 +

1

𝑛
𝑒(𝑛+1)𝑡13) 𝑓𝑛(𝑡13) 

𝑓𝑛(𝑡) = {
𝜇0
𝑛𝑝𝑀𝑟𝑛
1 − 𝑛𝑝2

𝑅6𝑒
−𝑡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝑖𝑓⁡𝑛𝑝 ≠ 1⁡

−𝜇0
𝑀𝑟𝑛
2
𝑅6𝑒

−𝑡𝑙𝑛⁡(𝑅6𝑒
−𝑡)⁡⁡𝑖𝑓⁡𝑛𝑝 = 1

 

k-th PM region  

Ω = 7 

𝑡 ∈ [𝑡15. 𝑡16] 
𝜃 ∈ [𝜃10 . 𝜃11] 

𝑀𝑟𝑛 =
4𝐵𝑟
𝜇0𝑛𝜋

𝑆𝑖𝑛(
𝑛𝜋𝛼𝑝

2
) 

𝐴𝑧Ω(𝑘)(𝑡. 𝜃) = ∑

(

 
 
 
 𝑎𝑛

Ω(𝑘)(𝜃11 − 𝜃10)

𝑛𝜋

𝐶ℎ (𝑛𝜋 (
𝑡 − 𝑡16
𝜃11 − 𝜃10

))

𝑆ℎ (𝑛𝜋 (
𝑡15 − 𝑡16
𝜃11 − 𝜃10

))

+𝑋𝑛(𝑡)𝑆𝑖𝑛 (
𝑛𝜋𝛼𝑝

2𝛼𝑟
)

)

 
 
 
 

𝐶𝑜𝑠 (𝑛𝜋 (
𝜃 − 𝜃10
𝜃11 − 𝜃10

))

∞

𝑛=1

 

+∑

(

 
 
 
 𝑎𝑛

Ω(𝑘)(𝜃11 − 𝜃10)

𝑛𝜋

𝐶ℎ (𝑛𝜋 (
𝑡 − 𝑡16
𝜃11 − 𝜃10

))

𝑆ℎ (𝑛𝜋 (
𝑡15 − 𝑡16
𝜃11 − 𝜃10

))

+𝑋𝑛(𝑡)𝑆𝑖𝑛 (
𝑛𝜋𝛼𝑝

2𝛼𝑟
)

)

 
 
 
 

𝑆𝑖𝑛 (𝑛𝜋 (
𝜃 − 𝜃10
𝜃11 − 𝜃10

))

∞

𝑛=1

 

𝑋𝑛(𝑡) = (1 +
1

𝑛
𝑒(𝑛+1)𝑡) 𝑓𝑛(𝑡) −

Cosh⁡(𝑛(𝑡 − 𝑡11))

Cosh⁡(𝑛(𝑡10 − 𝑡11))
(1 +

1

𝑛
𝑒(𝑛+1)𝑡10) 𝑓𝑛(𝑡10) 

𝑓𝑛(𝑡) = {
𝜇0
𝑛𝑝𝑀𝑟𝑛
1 − 𝑛𝑝2

𝑅8𝑒
−𝑡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡⁡𝑖𝑓⁡𝑛𝑝 ≠ 1⁡

−𝜇0
𝑀𝑟𝑛
2
𝑅8𝑒

−𝑡𝑙𝑛⁡(𝑅8𝑒
−𝑡)⁡⁡𝑖𝑓⁡𝑛𝑝 = 1

 

 
Table A4 Magnetic vector potential for stator subdomain. 

Region/Limits General solution 𝑓(𝑡) 

m-th stator slot 

Ω = 9 

𝑡 ∈ [𝑡21. 𝑡22] 
𝜃 ∈ [𝜃13 . 𝜃14] 

𝐴𝑧Ω(𝑚)(𝑡. 𝜃) = 𝑎0
Ω(𝑚) − 𝑓𝑧Ω(𝑚)(𝑡) 

+∑
𝑎ℎ
Ω(𝑙)(𝜃14 − 𝜃13)

4ℎ𝜋

𝐶ℎ (4ℎ𝜋 (
𝑡 − 𝑡22
𝜃14 − 𝜃13

))

𝑆ℎ (4ℎ𝜋 (
𝑡21 − 𝑡22
𝜃14 − 𝜃13

))

𝐶𝑜𝑠 (4ℎ𝜋 (
𝜃 − 𝜃13
𝜃14 − 𝜃13

))

∞

ℎ=1

 
−
1

2
𝜇0𝐽𝑖 (𝑒

−𝑡21𝑡 +
1

2
𝑒−2𝑡+𝑡21) 

 
Table A5 Magnetic for all periodic air-gap subdomains. 

Region/Limits General solution 

First air-gap  

Ω = 3 

𝑡 ∈ [𝑡5. 𝑡6] 
𝜃 ∈ [0.2𝜋] 

𝐴𝑧Ω(t. 𝜃) = ∑
1

𝑛

(

 
 
𝑎𝑛
Ω
𝐶ℎ(𝑛(t − 𝑡6))

𝑆ℎ(𝑛(𝑡5 − 𝑡6))

+𝑏𝑛
Ω 𝐶ℎ(𝑛(t − 𝑡5))

𝑆ℎ(𝑛(𝑡6 − 𝑡5)))

 
 
𝐶𝑜𝑠(𝑛𝜃) +∑

1

𝑛

(

 
 
𝑐𝑛
Ω
𝐶ℎ(𝑛(t − 𝑡6))

𝑆ℎ(𝑛(𝑡5 − 𝑡6))

+𝑑𝑛
Ω 𝐶ℎ(𝑛(t − 𝑡5))

𝑆ℎ(𝑛(𝑡6 − 𝑡5)))

 
 
𝑆𝑖𝑛(𝑛𝜃)

∞

𝑛=1

∞

𝑛=1

 

Second air-gap 

Ω = 5 

𝑡 ∈ [𝑡11. 𝑡12] 
𝜃 ∈ [0.2𝜋] 

𝐴𝑧Ω(t. 𝜃) = ∑
1

𝑛

(

  
 
𝑎𝑛
Ω
𝐶ℎ(𝑛(t − t12))

𝑆ℎ (𝑛(t𝑡11 − t12))

+𝑏𝑛
Ω 𝐶ℎ(𝑛(t − 𝑡11))

𝑆ℎ(𝑛(t12 − 𝑡11)))

  
 
𝐶𝑜𝑠(𝑛𝜃) +∑

1

𝑛

(

 
 
𝑐𝑛
Ω
𝐶ℎ(𝑛(t − t12))

𝑆ℎ(𝑛(𝑡11 − t12))

+𝑑𝑛
Ω 𝐶ℎ(𝑛(t − 𝑡11))

𝑆ℎ(𝑛(t12 − 𝑡11)))

 
 
𝑆𝑖𝑛(𝑛𝜃)

∞

𝑛=1

∞

𝑛=1

 



Iranian Journal of Electrical & Electronic Engineering, Vol. 19, No. 04, December 2023                                                      13 

 

Third air-gap 

Ω = 8 

𝑡 ∈ [𝑡19. 𝑡20] 
𝜃 ∈ [0.2𝜋] 

𝐴𝑧Ω(t. 𝜃) = ∑
1

𝑛

(

 
 
𝑎𝑛
Ω
𝐶ℎ(𝑛(t − t20))

𝑆ℎ(𝑛(t19 − t20))

+𝑏𝑛
Ω 𝐶ℎ(𝑛(t − t19))

𝑆ℎ(𝑛(t20 − t19)))

 
 
𝐶𝑜𝑠(𝑛𝜃) +∑

1

𝑛

(

 
 
𝑐𝑛
Ω
𝐶ℎ(𝑛(t − t20))

𝑆ℎ(𝑛(t19 − t20))

+𝑑𝑛
Ω 𝐶ℎ(𝑛(t − t19))

𝑆ℎ(𝑛(t20 − t19)))

 
 
𝑆𝑖𝑛(𝑛𝜃)

∞

𝑛=1

∞

𝑛=1

 

 
Table 6A 𝜃-axis conditions 

𝒓 = 𝑹𝟑 𝒓 = 𝑹𝟒 

𝐴𝑧3(𝑖)|𝑡=𝑡4
= 𝐴𝑧5|𝑡=𝑡5 ⁡⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃1. 𝜃2] 𝐴𝑧5)|𝑡=𝑡6

= 𝐴𝑧7(𝑗)|𝑡=𝑡7
⁡⁡⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃5. 𝜃6] 

𝐷𝜃3(𝑖)|𝑡=𝑡4
= 𝐷𝜃5|𝑡=𝑡5 ⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃1. 𝜃2] 𝐷𝜃5)|𝑡=𝑡6

= 𝐷𝜃7(𝑗)|𝑡=𝑡7
⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃5. 𝜃6] 

𝐴𝑧4(𝑖)|𝑡=𝑡4
= 𝐴𝑧5|𝑡=𝑡5 ⁡⁡⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃2. 𝜃3] 𝒓 = 𝑹𝟓 

𝐷𝜃4(𝑖)|𝑡=𝑡4
= 𝐷𝜃5|𝑡=𝑡5 ⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃2. 𝜃3] 

𝐴𝑧7(𝑗)|𝑡=𝑡8
= 𝐴𝑧8|𝑡=𝑡9 ⁡⁡⁡⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃5. 𝜃6] 

𝐷𝜃7(𝑗)|𝑡=𝑡8
= 𝐷𝜃8|𝑡=𝑡9 ⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃5. 𝜃6] 

𝒓 = 𝑹𝟔 𝒓 = 𝑹𝟕 

𝐴𝑧8|𝑡=𝑡10 = 𝐴𝑧9(𝑘)|𝑡=𝑡11
⁡⁡⁡⁡⁡⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃7. 𝜃8] 𝐴𝑧12(𝑘)|𝑡=𝑡16

= 𝐴𝑧14|𝑡=𝑡17 ⁡⁡⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃10 . 𝜃11] 

𝐷𝜃8|𝑡=𝑡10 = 𝐷𝜃9(𝑘)|𝑡=𝑡11
⁡⁡⁡⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃7. 𝜃8] 𝐷𝜃12(𝑘)|𝑡=𝑡16

= 𝐷𝜃14|𝑡=𝑡17 ⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃10 . 𝜃11] 

𝒓 = 𝑹𝟏𝟎 

𝐴𝑧14|𝑡=𝑡18 = 𝐴𝑧15(𝑚)|𝑡=𝑡19
⁡⁡⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃13 . 𝜃14] 

𝐷𝜃14|𝑡=𝑡18 = 𝐷𝜃15(𝑚)|𝑡=𝑡19
⁡⁡⁡⁡ ∀𝜃 ∈ [𝜃13 . 𝜃14] 

 

Appendix B 

 

 
Fig. B1 The B-H curve of the core laminations. 
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Fig. B2 The mesh density of the investigated MCMG machine. 
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