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Abstract: This paper deals with the optimization of the CORDIC-based modified Gram-
Schmidt (MGS) algorithm for QR decomposition (QRD) and presents a scalable algorithm
with maximum throughput, the least possible latency, and hardware resources. The
optimized algorithm is implemented on Xilinx Virtex 6 FPGA using ISE software as a
fixed point with selected accuracy based on the results of MATLAB simulation. Using the
loop unrolling technique with different coefficients, an attempt is made to reduce the
latency and increase the throughput. In contrast, increasing the unrolling factor leads to a
decrease in the frequency of the CORDIC unit as well as a decrease in the number of
resources. As a result, there is a trade-off between the unrolling factor and the frequency of
the CORDIC unit. By investigating the different unrolling factors, it is shown that the loop
unrolling technique with a factor of 4 has the highest throughput with the value of 5.777
MQRD/s and the lowest latency with the value of 173 ns. Moreover, it is shown that
throughput and latency are improved by 42.52% and 73.74% respectively compared to the
not optimized case. The proposed method is also scalable for different sizes of mxm
complex channel matrices, where logz m € N.

Keywords: CORDIC Algorithm, MIMO Detection, QR Decomposition, Unrolling

Technique.

1 Introduction

OWADAYS, Multiple-Input-Multiple-Output

(MIMO) technology has become an essential part
of wireless communication since it improves spectral
efficiency and offers diversity gain [1, 2]. Moreover,
Orthogonal Frequency Division Multiplexing (OFDM)
along with MIMO can boost spectral -efficiency.
Nevertheless, signal detection in large-scale MIMO
systems is a challenging task. Hence, the
computationally efficient implementation of signal
detection algorithms for large-scale MIMO systems is
of great importance [3].
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The QR decomposition is an integral part of MIMO
detection algorithms due to its robust numerical
stability. However, its complexity is exponentially
increasing with the number of antennas. Therefore,
proposing a novel and efficient implementation of QR
decomposition that is scalable would be of great
interest.

Any QRD algorithm decomposes a matrix with
linearly independent columns (channel state information
matrix in this wok) into an orthonormal matrix and an
upper triangular matrix. There are several conventional
QRD approaches in literature [4]: Givens rotation (GR)
method which suffers from relatively long latency
because it makes zero the matrix entries one by one.
Meanwhile, the Gram-Schmidt algorithm (GS) is known
for its low latency compared to the Givens rotation
method, because it decomposes matrices column-wise.
However, since the Gram-Schmidt algorithm involves
square roots and multiple divisions, it leads to higher
complexity and makes it impractical in terms of latency,
especially for large-scale MIMO. On the other hand,
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Householder Transformation (HT) has the highest
complexity which makes it not suitable for
implementation.

To overcome the implementation complexity of
square roots and divisions used in the QRD process,
these operations can be realized by the popular
CORDIC algorithm [5]. It just uses the basic shift-add
operations. Hence, this simplicity of hardware
implementation is attractive for most applications. Due
to the iterative nature of CORDIC, one of the main
challenges is to reduce the number of iterations
required, which ultimately leads to a reduction in
latency. Some improvement techniques have better
performance and throughput, however, a larger area is
needed for implementation, and vice versa. One of the
methods used is increasing the radix, which increases
hardware complexity and power consumption [6]. In [7-
9], different methods have been proposed to reduce the
latency caused by CORDIC iterations, although, the
hardware and area are increased.

In this paper, a scalable algorithm with the least
possible latency, hardware, and maximum throughput is
presented. The proposed architecture has a slight latency
and is also efficient in terms of the area using effective
mapping of square root and division operations into
CORDIC units. Also, during this operation, the required
upper triangular matrix to solve the detection equations
of MIMO systems is generated using recursive
equations.

In the proposed architecture, the output of CORDIC
vectoring mode which is the rotation angle is used as an
input of CORDIC rotation mode. This reduces the
number of operations needed to find rotation angle for
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remarkably minimizes the hardware cost of division
operations by effectively implementing the vector norm
and normalization operation by a pair of CORDIC
vectoring and rotation modes.
In summary, our contribution in this paper is twofold:
e First, the optimized coefficient of loop unrolling
technique is proposed in order to reduce the
overall latency.
e Second, the scalability of the proposed approach
for channel matrix dimensions up to 32x32 is
shown.

2 Modified Gram-Schmidt-Based QRD

As it is mentioned, most of the QRD approaches are
based on the GR, HT, and GS algorithms. By applying a
modification to GS, The Modified Gram-Schmidt
algorithm [4] has been proposed which introduces
smaller errors in finite-precision arithmetic compared to
the conventional GS algorithm. The MGS algorithm in
each step uses the available information of the previous
step instead of the common method. Generally, it is
good to use the updated information that is computed in
the previous step. Comparison of Implementation
results of different QRD algorithms for mxm complex
channel matrix (where log. m € A) is shown in Table 1.
As it can be seen, the modified Gram-Schmidt
algorithm needs a smaller number of adders, multipliers,
division, and sqrt operations compared to other
conventional algorithms. Hence, the modified Gram-
Schmidt algorithm is preferred. Table 2 also shows the
pseudo-code of the MGS algorithm for the channel
matrix H =[hy hz ... hm].

division operation. The proposed architecture

Table 1 Comparison of Implementation results of different QRD algorithms for mxm complex channel matrix.
QRD algorithm Add Mul Div Sqrt
Givens Rotation [10] Ema —EmZ —Zm 4m’ —m’ —3m Em2 —ﬁm m* —m

2 6 2 2
8 3 2 2 3 2 16 2
Householder Transform [10] -m —7Tm’ —=m -m’ +6m’ +—m m’ +3m 3m
3 3

Modified Gram-Schmidt am’ —3m’ am’ —2m’ 2m’ m

A

(X.Y) Table 2 Modified Gram-Schmidt pseudocode.
L 1 Forj=1:m
*,, CORDIC g Vj; hi. i
\ Vectoring ori=.Llj-
(l,ij ' mode 4 rij=qi"hj
R R 4 | 5 Vi=Vj-Tijgi
, CORDIC : 6 End
yRomton 7 =]l
: b4 , 8 gi=Vvilr
(1’ 0) (R,O) 9 End

Fig. 1 Division operation using CORDIC unit.
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Step 1 Step s-1 Step s

3 Proposed Approach

To overcome the implementation complexity of
square roots and divisions used in the QRD process,
these operations can be realized by the popular
CORDIC algorithm. The CORDIC algorithm is a type
of shift and addition-based algorithm that allows a wide
range of basic functions to be computed iteratively
using fixed point computational operations. This
algorithm has been used in many applications, not only
because of the cost-effectiveness of hardware but also
because of the importance of numerical stability in
fixed-point applications. However, the iterative nature
of the algorithm introduces a data-dependent latency.

Fig.1 shows the Norm and Normalization process
using vectoring and rotation modes for a 2D vector
(X,Y). The output of vectoring mode is (R, 0) in which

R=+/X?+Y?2. To do the normalization process, the unit
vector (1, 0) with an angle Z which is acquired from

. XY
vectoring mode leads to the output (E'Ej'

Note that due to the iterative nature of the algorithm,
doing n iterations in the CORDIC unit, the angle
between the output of vectoring mode and the x-axis did
not exactly equal to zero. This error is less than or equal
to the n-th iteration as follows:

err,vectoring < tanil (2*(”*1)) (l)
Because of the error, the acquired angle from

vectoring mode is slightly different from tan-1(Y/X). To
make the effect of vectoring mode error negligible in

rotation mode, (1, onx2™) is used instead of (1, 0) for
the input of rotation mode, where the sign of vectoring
mode error defines the value of o, which is equal to +1.
Hence, the rotation mode error would be as follows:

z @

err,rotation

< ‘tan‘l (2"““” ) _tan™ (2—(n>)

It should be noted that Zerr rotation With n iterations, in
this case, is equivalent to the Zerr rotation OF rotation mode
with the (1, 0) as input and n+1 iterations. The
proposed scheme could be implemented for processing

cali !
- '
S
_______ mode
'
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Fig. 2 Proposed CORDIC used in the implemented QRD architecture.

the mx m complex channel matrix where log. m € N.
Since the proposed scheme is based on the MGS
algorithm, it decomposes matrices column-wise.
Therefore, it consists of m CORDIC blocks and m (non-
CORDIC) projection blocks. The diagonal entries of
both the upper triangular matrix and the normalized
vector of the orthonormal matrix (rj; = |lvill, 9 = Vvi/rj;)
are processed by the CORDIC blocks. Moreover, the
off-diagonal of the triangular matrix and the updated
middle vector (r; ; :qu h;,v; =v; —r,,q;) are processed
by the non-CORDIC blocks.

Fig. 2, also shows the general CORDIC steps used in
the QRD architecture of this paper. For a complex
vector of size mx 1, the norm and normalization
process can be done in s-steps where s = log, 2m. Each
of the CORDIC blocks consists of some vectoring and
rotation sub-modules. It is evident in Fig. 2 that the
number of vectoring mode sub-modules in each step is
the half of the previous step. However, the number of
rotation sub-modules in each step is two times of the
previous step.

The scaling factor (K) used in the vectoring and
rotation modes of Fig. 2, is achieved from the number of
CORDIC iterations (n) as follows:

K=] cos(tan‘l(Z“))

n-1 1

= ; ~0.6073 (3)

It is clear that for n > 7, the scaling factor is
approximately constant. On the other hand, the number
of CORDIC iterations is chosen equal to 7 which is
based on the existed tradeoff between the error and
latency.

As it is shown in Fig. 2, in order to hardware overhead
optimization, instead of scaling in each step of norm
calculation, the k® is applied at the end of s-th step.
Moreover, in the first step of the normalization process,
the k° is applied instead of the scalar 1. To reduce the
hardware complexity, the k® is implemented using some
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shift and add or subtraction operations.

Due to the iterative nature of the CORDIC algorithm
used in the system design, the loop unrolling technique
is investigated to reduce the iteration latency. In this
method, by performing | iterations in each step, the
number of iterations of the loop is reduced from n
iterations to n/l. | is the coefficient of the loop-unrolling
technique. This type of optimization can have a
significant effect on some loops but depends on the type
of loop and its content [11]. The design proposed in this
paper is implemented and evaluated by applying the
introduced technique with 1=1, ..., 7.

Fig. 3 shows the flowchart of the CORDIC vectoring
and rotation modes. It should be noted that the
correction rotation step takes one clock and the
remaining part is also done in one clock. However, the
iterations in each clock of the remaining part depend on
the loop unrolling factor (I). For example, if the loop
unrolling factor is equal to 2, then there are 2 iterations
per clock. Moreover, the processing of non-CORDIC
block is done in 4 clocks. It is also worthy to note that Z
and o are shared between vectoring mode and rotation
mode which is called Z-sharing and o-sharing
techniques.

Input vector: (X,Y) for vectoring mode
Input vector: (R,Z,c) for rotation mode

4

Correction rotation to move the
input vector into convergance range

Is sign(-y) = +1 for vectoring mode?
is sign(z) = +1 for rotation mode

Xiv1 = Xi - 6i.27Y;
Yier = Vi + di27X
Zi=Z; - ditan™(2")

it = Xiwgr - di+|—1-2-i+|-lYi+I71
Yier = Yiera + G2 Kt
Ziv1 = Ziva - Qivia tanrl(zrlﬂrl)

Output vector: (R, Z, o) for vectoring mode
Output vector: (Rcos(Z), Rsin(Z)) for rotation mode

Fig. 3 Flowchart of the CORDIC vectoring and rotation
modes.
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4 Simulation Results

In this section, our aim is to investigate the simulation
results of the proposed method. Due to the hardware
considerations, the proposed design was coded using the
Verilog hardware language and implemented on Xilinx
Virtex 6 XC6VSX315T FPGA using ISE software as a
fixed point with selected accuracy based on the results
of MATLAB simulation. We also consider a 4x4
complex channel matrix. In order to numerically
evaluate the QRD results, two criteria of Normalized
Dissimilarity Error (NDE), and Orthogonality Error
(OE) [12] are suggested as follows:

_H-QR,
NDE——HF ()
OE=1-Q"Q, (%)

In the ideal case, these criteria should be zero. A QRD
algorithm must have high numerical performance,
controllable complexity, and be easy to implement
hardware. To evaluate the performance of hardware
implementation, the criteria of latency, Throughput,
frequency as well as used resources are evaluated.

In general, latency measures the time difference
between the start and end of QRD processing on a
matrix. Considering that in systems with parallel
processing capability, it is possible to process several
matrices simultaneously, two different definitions can
be introduced as initial latency and steady-state latency.
The time required to obtain the first output is the initial
latency and the time required to obtain the next outputs
after the first output is defined as the steady-state
latency. Due to the specific frequency of the
implemented architecture, the latency can be expressed
in terms of the number of used clocks instead of the
usual time units.

The stated throughput measure shows the number of
matrices processed per second. Eq. (6) shows the
relationship between latency and throughput:

1 f
Throughput = —— = —
ughpd o.x1/f = ©)

S S
where zs and f represent steady-state latency (using
number of clocks) and frequency respectively. To
evaluate the numerical analysis, MATLAB simulations
are provided. The average value of each quantity is
obtained by averaging the corresponding quantity over
100 thousand realizations of channel matrices.

The modified Gram-Schmidt algorithm initially was
implemented based on the CORDIC algorithm. The
number of iterations used in each of the vectoring and
rotation modes of the CORDIC algorithm has a direct
effect on the value of investigated errors as well as the
number of used bits. Fig. 4 illustrates the analysis
results of the effect of different CORDIC iterations on
the considered errors. For this purpose, the default
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accuracy of MATLAB software is used for the
experimental results of the proposed algorithm.
Obviously, for a given number of iterations of the
vectoring mode, by increasing the number of iterations
of the rotating mode, the dissimilarity error decreases.
Also, by increasing the number of iterations of the
vectoring mode for the specified number of iterations of
the rotating mode, the dissimilarity error is reduced.

The iteration value of 7 is selected for the CORDIC
algorithm with a dissimilarity error of 1.29% and an
orthogonality error of 3.65%. In the next step, the
proposed algorithm is investigated for the iteration
value of 7 vectoring modes and different iterations of
CORDIC rotating mode with three different accuracies
of floating point, fixed point, and c-sharing technique.
Fig. 5 illustrates the normalized dissimilarity and
orthogonality errors, respectively. It should be noted
that the fixed-point representation is depicted by (m, n)

Nomalized Dissimilarity Error

d

0'-

z
g I SGRE
7 (b 2-D) Vectoring Cordic With 3-lterations \ - - -‘
= |=® 2-D Vectoring Cordic With 4-Iterations ~,
S |==2D Vectoring Cordic With S-Iterations ~, -
s #012-D Vectoring Cordic With 6-lterations o -
82D Vectoring Cordic With Pherations | e
= 2-D Vectoring Cordic With 8-Iterations
2.D Vectoring Cordic With 9-lerations *
g D Vctorin Cordic With 10-eaons |
3 4 5 6 7 8 9 10
Number Of Cordic Iterations IN 2-D Rotation Cordic
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in which m and n show the integer and fractional bits,
respectively. Comparison of the results shows that the
fixed-point representation with 11 fractional bits and the
c-sharing technique is very close to the floating-point
representation with the default accuracy of MATLAB
software. Fig. 6 is the results of the simulation for
different accuracy of fixed points with an iteration value
of 7 for vectoring mode and different iterations of
CORDIC rotating mode. In the last step of numerical
analysis, the scalability of the proposed method is
investigated. For this purpose, errors are provided for
different sizes of the channel matrix. Fig. 7
demonstrates the  dissimilarity error and the
orthogonality error, respectively. It is obvious that as the
size of the channel matrix increases, the error values
increase. To improve the error caused by increasing the
channel matrix size, the number of fractional bits can be
increased.

o Orthogonality Error
107 Bl

-Q"Qll,

[mb=2-D Vectoring Cordic With 3-Iterations

<@ 2-D Vectoring Cordic With 4-Iterations ~,

|=@=2.D Vectoring Cordic With 5-Iterations ~, - ~ - -4

12 Vetaring Cordic With 6 terations 3

~8=2-D Vectoring Cordic With 7-Iterations ~ .y
2 " i Nge=="Y

107 [ 2D Vectoring Cordic With -Iterations ) 3

x—zrn Vectoring Cordic With 9-Iterations

2D Vectoring Cordic With 10-Iterations ",

3 4 5 6 7 8 9 10
Number Of Cordic Iterations IN 2-D Rotation Cordic

(b)

Fig. 4 Different errors versus CORDIC rotation mode iterations for different CORDIC iterations of vectoring mode; a) Normalized
dissimilarity error and b) Orthogonality error.

Nomalized Dissimilarity Error
:

[ == (5,11)Fixed Point Representation
-O Floting Point Representation
|=8= (5,11)Fixed Point

ion With Sigma Sharing

3

(H-QR]| ;) / ([H]| )

3 4 5 6 7 8 9 10
Number Of Cordic Iterations IN 2-D Rotation Cordic

(@

Orthogonality Error
:

[=#=5,11)Fixed Point Representation
O Floting Point Representation
|=8= (5,11)Fixed Point

ion With Sigma Sharing

I-Q"Qll,

Number Of Cordic Iterations IN 2-D Rotation Cordic

(b)

Fig. 5 Different errors versus CORDIC rotation mode iterations for different representations; a) Normalized dissimilarity error and
b) Orthogonality error.

Nomalized Dissimilarity Error

—_——

(H-QR|| ) 7 ([H[| )

[=te=(5,3)Fixed Point Representation
|48 (55)Fixed Point Representation
== (5.7)Fixed Point Representation
+ @ 1(5.8)Fixed Point Representation
3 [ (5.11)Fixed Point i J

3 4 5 6 7 8 9 10
Number Of Cordic Iterations IN 2-D Rotation Cordic

@

Orthogonality Error

[ (5.3)Fixed Point Representation

epresentation
presentation

= #(5.8)Fire
|~ (5, 11)Fixed Poi

n-Q"l|,

3 4 5 6 7 8 9 10
Number Of Cordic Iterations IN 2-D Rotation Cordic

(b)
Fig. 6 Different errors versus CORDIC rotation mode iterations for different accuracy of fixed-point representation; a) Normalized
dissimilarity error and b) Orthogonality error.
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Nomalized Dissimilarity Error

Orthogonality Error

(IH-QRIl, ) / (1H],)
n-Q" I,

ri |
9 10 3 4 9 10

3 4

5 6 7 8 5 6 7 8
Number Of Cordic Iterations IN 2-D Rotation Cordic Number Of Cordic Iterations IN 2-D Rotation Cordic

(a) (b)

Fig. 7 Different errors versus CORDIC rotation mode iterations for different channel matrix sizes; a) Normalized dissimilarity error
and b) Orthogonality error.

Table 3 Implementation results for different unrolling factors.
Unrolling factor (1) 1 2 3 4 5 6 7

CORDIC unit frequency 360.776 197.936 136.385 103.980 83.178 69.848 60.200
QRD unit frequency 159.586 159.586 136.385 103.980 83.178 69.848 60.200
Initial processing clocks 204 132 108 84 84 84 60
Initial latency [ns] 1278 827 792 808 101 1203 997
Steady state processing clocks 48 30 24 18 18 18 12
Steady state latency [ns] 301 188 176 173 216 258 199
Throughput [MQRD/s] 3.325 5.319 5.683 5.777 4.621 3.880 5.017
Slice registers 15740 9734 7874 6173 6173 5858 4061
Slice LUTs 18302 17819 17729 17639 17639 17639 17459
LUT-FF pairs 14612 8666 6923 5123 5123 4829 1835
BUFG/BUFGCTRLs 16 16 16 16 16 16 32
DSP48E1S 240 240 240 240 240 240 240
Table 4 Comparative results with other FPGA Implementations.

Work [13] [14] [15] Proposed

QRD dimension 4x4 4x4 4x4 4x4

Data type Fixed point Fixed point Fixed point Fixed point

Algorithm GR GR GR MGS

CORDIC iteration - 8 10 7

Platform Virtex 5 Virtex 6 Virtex 5 Virtex 6

Word length 16 16 16 16

Clock [MHZz] 246 128 254 103.98

Latency (Clock cycle) 180 137 52 18

Latency [ns] 732 1070 200 173

Throughput [MQRD/s] 1.36 0.934 31.7 5.78

After numerical analysis, the QRD architecture is

frequency of

the main system,

the appropriate

examined in terms of hardware for different modes such
as not optimized case (technique with unrolling factor 1)
and optimized cases with unrolling factor 2 to 7, and the
important features of the implementation are examined.
Hardware (such as frequency, latency, throughput, and
used hardware resources) are evaluated. All the
examined cases were coded using the Verilog hardware
language and implemented on Virtex 6 using ISE
software.

A comparison of frequency, initial latency, steady-
state latency, and throughput for different unrolling
factors is given in Table 3. The frequency of the non-
CORDIC module in all modes is constant and equal to
227.376 MHz. In the non-optimized case (technique
with a factor of 1), the CORDIC unit has the highest
frequency value of 360.776 MHz. Therefore, in this
case, the non-CORDIC module is the frequency limiter.
In applications where the QRD unit does not limit the

architecture can be used depending on the type of
application and the required frequency. From the
results, it is clear that the lowest steady-state latency and
the highest throughput are related to the loop unrolling
technique with a factor of 4. The used hardware
resources in the structure of each of the different cases
are also described in Table 3. It is also clear from the
comparison of the results that the number of used
registers, LUTs and LUT-FFs decreases with increasing
unrolling factor. Since the hardware resources in the
structure of FPGAs (such as LUTSs) have more than two
inputs, it is possible to implement a large number of
functions. Due to the recursive nature of the used
CORDIC algorithm in the QRD architecture, the
number of hardware resources decreased in each case.
Finally, to evaluate the performance of the proposed
method, Table 4 compares the results with some prior
works [13-15]. In order to fair comparison, it has been
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tried to compare our proposed method with works
whose implementation parameters are similar to ours.
As it can be seen, the proposed method is superior in
terms of latency and throughput compared to the
previous works [13, 14]. The proposed approach in [15],
has high throughput compared to this work. It should be
noted that the high throughput of [15] is achieved due to
highly pipelined architecture.

5 Conclusion

To detect the MIMO signal, different aspects of the
implementation of the CORDIC-based modified Gram-
Schmidt algorithm for QR decomposition such as
latency, throughput, and hardware resources are
optimized. The proposed approach was implemented on
Xilinx Virtex 6 XC6VSX315T FPGA using ISE
software as a fixed point with selected accuracy based
on the results of MATLAB simulation. It is shown that
the loop unrolling technique with a factor of 4 has the
highest throughput (processing speed) of 5.777
MQRD/s and the lowest latency of 173 ns, which is
42.52% and 73.74% better than the non-optimized case,
respectively. Due to the recursive nature of the
CORDIC algorithm used in the QRD architecture,
increasing the unrolling factor resulted in decreasing the
used hardware resources. On the other hand, the results
of the numerical analysis show that the proposed
method is scalable for different sizes of channel
matrices that can be a power of 2. Due to the scalability
of the proposed architecture, it can be used to detect
signals in massive MIMO systems as well as multi-user
MIMO systems.
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